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Preface 


The main goal of this book is an exposition of Galois theory and its applications 
to the questions of solvability of algebraic equations in explicit form. Apart from 
the classical problem on solvability of an algebraic equation by radicals, we also 
consider other problems of this type, for instance, the question of solvability of an 
equation by radicals and by solving auxiliary equations of degree at most k. 

There exists a surprising analogy between the fundamental theorem of Galois 
theory and classification of coverings over a topological space. A description of 
this analogy is the second goal of the present book. We consider several classifi- 
cations of coverings closely related to each other. At the same time, we stress a 
formal analogy between the results thus obtained and the fundamental theorem of 
Galois theory. Apart from coverings, we consider finite ramified coverings over Rie- 
mann surfaces (i.e., over one-dimensional complex manifolds). Ramified coverings 
are slightly more complicated than unramified finite coverings, but both types of 
coverings are classified in the same way. 

The third goal of the book is a geometric description of finite algebraic extensions 
of the field of meromorphic functions on a Riemann surface. For such surfaces, the 
geometry of ramified coverings and Galois theory are not only analogous but in fact 
very closely related to each other. This relationship is useful in both directions. On 
the one hand, Galois theory and Riemann’s existence theorem allow one to describe 
the field of functions on a ramified covering over a Riemann surface as a finite alge- 
braic extension of the field of meromorphic functions on the Riemann surface. On 
the other hand, the geometry of ramified coverings together with Riemann’s exis- 
tence theorem allows one to give a transparent description of algebraic extensions 
of the field of meromorphic functions over a Riemann surface. 

The book is organized as follows. The first chapter is devoted to Galois theory. It 
is absolutely independent of the other chapters. It can be read separately. 

The second chapter is devoted to coverings over topological spaces and to ram- 
ified coverings over Riemann surfaces. It is almost independent of the first chapter. 
In the second chapter, we stress a formal analogy between the classification of cov- 
erings and the fundamental theorem of Galois theory. This is the only connection 
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between the chapters—to read the second chapter, it is enough to know the formu- 
lation of the fundamental theorem of Galois theory. 

The third chapter relies on Galois theory as well as on the classification of ram- 
ified coverings over Riemann surfaces. Nevertheless, it can also be read indepen- 
dently if the reader accepts without proof the necessary results of the first two chap- 
ters. 

The numbering of theorems, propositions, lemmas etc. in every chapter is sepa- 
rate, but formulas are numbered consistently through the whole book. 

The book is addressed to mathematicians and to undergraduate and graduate stu- 
dents majoring in mathematics. Some results of the book (for instance, necessary 
conditions of various forms of solvability of complicated algebraic equations via 
solutions of simpler algebraic equations, a description of an analogy between the 
theory of coverings and Galois theory) might be of interest to experts. 
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Chapter 1 
Galois Theory 


In this first chapter, we give an exposition of Galois theory and its applications to 
the questions of solvability of algebraic equations in explicit form. 

In Sects. 1.1-1.4, we consider a field P on which a finite group G acts by field 
automorphisms. Elements of the field P fixed under the action of G form a sub- 
field K C P, which is called the invariant subfield. 

In Sect. 1.1, we show that if the group G is solvable, then the elements of the 
field P are representable by radicals through the elements of the invariant field K. 
(Here, an additional assumption is needed that the field K contains all roots of unity 
of order equal to the cardinality of G.) If P is the field of rational functions of n 
variables, then G is the symmetric group acting by permutations of the variables, 
and K is the subfield of symmetric functions of n variables. This result provides an 
explanation for the fact that algebraic equations of degrees 2 to 4 in one variable are 
solvable by radicals. 

In Sect. 1.2, we show that for every subgroup Go of the group G, there exists an 
element x € P whose stabilizer is equal to Go. The results of Sects. 1.1 and 1.2 are 
based on simple considerations from group theory; they use an explicit formula for 
the Lagrange interpolating polynomial. 

In Sect. 1.3, we show that every element of the field P is algebraic over the 
field K. We prove that if the stabilizer of a point z € P contains the stabilizer of a 
point γε P, then z is the value at y of some polynomial over the field Κ΄. This proof 
is also based on the study of the Lagrange interpolating polynomial (see Sect. 1.3.3). 

In Sect. 1.4, we introduce the class of k-solvable groups. We show that if a 
group G is k-solvable, then the elements of the field P are representable in k- 
radicals (i.e., can be obtained by taking radicals and solving auxiliary algebraic 
equations of degree k or less) through the elements of the field K. (Here, we also 
need to assume additionally that the field K contains all roots of unity of order equal 
to the cardinality of G.) 

Consider now a different situation. Suppose that a field P is obtained from a 
field K by adjoining all roots of a polynomial equation over K with no multiple 
roots. In this case, there exists a finite group G of automorphisms of the field P 
whose invariant field coincides with K. To construct the group G, the initial equa- 
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tion needs to be replaced with an equivalent Galois equation, i.e., with an equation 
each of whose roots can be expressed through any other root (see Sect. 1.5). This 
group G of automorphisms is constructed in Sect. 1.6. 

Thus Sects. 1.2, 1.3, 1.5, and 1.6 contain proofs of the central theorems of Galois 
theory. In Sect. 1.7, we summarize, then state and prove, the Fundamental theorem 
of Galois theory. 

An algebraic equation over a field is solvable by radicals if and only if its Galois 
group is solvable (Sect. 1.8), and it is solvable by k-radicals if and only if its Galois 
group is k-solvable (Sect. 1.9). In Sect. 1.10, we discuss the question of solvabil- 
ity of algebraic equations with higher complexity by solving equations with lower 
complexity. We give a necessary condition for such solvability in terms of the Galois 
group of the equation. 

In Sect. 1.11, we classify finite fields. We check that the fundamental theorem of 
Galois theory holds for finite fields (the proof of the fundamental theorem given in 
Sect. 1.7 does not go through for finite fields). 

In this chapter, a major focus is on the applications of Galois theory to problems 
of solvability of algebraic equations in explicit form. However, the exposition of 
Galois theory does not refer to these applications. The fundamental principles of 
Galois theory are covered in Sects. 1.2, 1.3, 1.5—-1.7. These sections can be read 
independently of the rest of the chapter. 

A recipe for solving algebraic equations by radicals (including solutions of gen- 
eral equations of degree 2 to 4) is given in Sect. 1.1, and is independent of the rest 
of the text. The classification of finite fields given in Sect. 1.11 is also practically 
independent of the rest of the text. These sections can be read independently of the 
rest of the chapter. 


1.1 Action of a Solvable Group and Representability by Radicals 


In this section, we prove that if a finite solvable group G acts on a field P by field 
automorphisms, then (under certain additional assumptions on the field P), all el- 
ements of P can be expressed through the elements of the invariant field K by 
radicals and arithmetic operations. 

A construction of a representation by radicals is based on linear algebra (see 
Sect. 1.1.1). In Sect. 1.1.2, we use this result to prove solvability of equations of 
low degrees. To obtain explicit solutions, the linear algebra construction needs to be 
done explicitly. In Sect. 1.1.3, we introduce the technique of Lagrange resolvents, 
which allows us to perform an explicit diagonalization of an Abelian linear group. 
In Sect. 1.1.4, we explain, how Lagrange resolvents can help to write down explicit 
formulas with radicals for the solutions of equations of degree 2 to 4. 

The results of this section are applicable in the general situation considered in 
Galois theory. If a field P is obtained from the field K by adjoining all roots of 
an algebraic equation without multiple roots, then there exists a group G of auto- 
morphisms of the field P whose invariant field is the field K (see Sect. 1.7.1). This 
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group is called the Galois group of the equation. It follows from the results of this 
section that an equation whose Galois group is solvable can be solved by radicals 
(the sufficient condition for solvability by radicals from Theorem 1.8.7). The exis- 
tence of the Galois group is by no means obvious; it is one of the central results 
of Galois theory. In this section, we do not prove this theorem (a proof is given in 
Sect. 1.7.1); we assume from the very beginning that the group G exists. 

In a variety of important cases, the group G is given a priori. This is the case, for 
example, if K is the field of rational functions of a single complex variable, P is the 
field obtained by adjoining to K all solutions of an algebraic equation, and G is the 
monodromy group of the algebraic function defined by this equation (see Chap. 3). 


1.1.1 A Sufficient Condition for Solvability by Radicals 


The fact that we deal with fields is barely used in the construction of a representation 
by radicals. To emphasize this, we describe this construction in a general setup, 
whereby a field is replaced with an algebra V, which may even be noncommutative. 
(In fact, we do not even need to multiply different elements of the algebra. We will 
use only the operation of taking an integer power k of an element and the fact that 
this operation is homogeneous of degree k under multiplication by elements of the 
base field: (Aa)k = AkKak for allae V, AE K.) 

Let V be an algebra over a field K containing all nth roots of unity for some in- 
teger n > 0. A finite Abelian group of linear transformations of a finite-dimensional 
vector space over the field K can be diagonalized in a suitable basis (see Sect. 1.1.3) 
if the order of the group is not divisible by the field characteristic (for fields of zero 
characteristic, no restrictions on the order of the group are necessary). In particular, 
we have the following proposition. 


Proposition 1.1.1 Let G be a finite Abelian group of order n acting by automor- 
phisms of the algebra V. Assume that the order n is not divisible by the field char- 
acteristic. Suppose that K contains all nth roots of unity. Then every element of the 
algebra V is representable as a sum of k <n elements x; € V,i =1,...,k, such 
that x; lies in the invariant subalgebra Vo.! 


Proof Consider a finite-dimensional vector subspace L in the algebra V spanned by 
the G-orbit of an element x. The space L splits into a direct sum L = L; ®---@® Lx 
of eigenspaces for all operators from G (see Sect. 1.1.3). Therefore, the vector x 
can be represented in the form x = xj +---+x,, where x1,..., x are eigenvectors 
for all operators from the group. The corresponding eigenvalues are degree-n roots 
of unity. Therefore, the elements x/',..., x; belong to the invariant algebra Vo. 


‘That is, the fixed-point set of the group G (translator’s note). 
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Definition 1.1.2 We say that an element x of the algebra V is an nth root of an 
element a if x" =a. 


We can now restate Proposition 1.1.1 as follows: every element x of the algebra V 
is representable as a sum of nth roots of some elements of the invariant subalgebra. 


Theorem 1.1.3 Let G be a finite solvable group of automorphisms of the algebra 
V of order n. Suppose that the field K contains all the nth roots of unity. Then 
every element x of the algebra V can be obtained from the elements of the invariant 
subalgebra Vo by root extractions and summations. 


We first prove the following simple statement about an action of a group on a set. 
Suppose that a group G acts on a set X, that H is a normal subgroup of G, and that 
Xo is the subset of X consisting of all points fixed under the action of G. 


Proposition 1.1.4 The subset Χῃ of the set X consisting of the fixed points under 
the action of the normal subgroup H is invariant under the action of G. There is a 
natural action of the quotient group G/H with the fixed-point set Xo. 


Proof Suppose g € G, h € H. Then the element g~!'hg belongs to the normal sub- 
group H. Let x ε Xy. Then g'hg(x) = x, or h(gx) = g(x), which means that the 
element g(x) € X is fixed under the action of the normal subgroup ἢ. Thus the set 
ΧῊ is invariant under the action of the group G. Under the action of G on Xyq, all 
elements of H correspond to the identity transformation. Hence the action of G on 
X y reduces to an action of the quotient group G/H. 


We now proceed with the proof of Theorem 1.1.3. 


Proof Since the group G is solvable, it has a chain of nested subgroups G = Go D 
+++ > Gm = e, in which the group G,, consists of the identity element e only, and 
every group G; is a normal subgroup of the group G;_1. Moreover, the quotient 
group G;—1/G; is Abelian. 

Denote by Vo C--- C Κη = V the chain of invariant subalgebras of the algebra 
V with respect to the action of the groups Go,..., Gm. By Proposition 1.1.4, the 
Abelian group G;—1/G; acts naturally on the invariant subalgebra V;, leaving the 
subalgebra V;_1 pointwise fixed. The order m; of the quotient group G;_1/G; di- 
vides the order of the group G. Therefore, Proposition 1.1.1 is applicable to this 
action. We conclude that every element of the algebra V; can be expressed with the 
help of summation and root extraction through the elements of the algebra Vj_1. 
Repeating the same argument, we will be able to express every element of the al- 
gebra V through the elements of the algebra Vo by a chain of summations and root 
extractions. 
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1.1.2 The Permutation Group of the Variables and Equations 
of Degree 2to 4 


Theorem 1.1.3 explains why equations of low degree are solvable by radicals. 

Suppose that the algebra V is the polynomial ring in the variables x1,..., Xp 
over the field K. The symmetric group S(n) consisting of permutations of n el- 
ements acts on this ring, permuting the variables x1,...,x, in polynomials from 
this ring. The invariant algebra of this action consists of all symmetric polyno- 
mials. Every symmetric polynomial can be represented explicitly as a polyno- 
mial of the elementary symmetric functions 01, ...,0,, where 0) = xj +---+ Xp, 
o2= i<j MX; wee, On = X10 Xp. 

Consider the general algebraic equation x” + a,x"~!+---+ dy =0 of degree n. 
According to Viéte’s formulas, the coefficients of this equation are equal up to a 
sign to the elementary symmetric functions of its roots x1,...,%n,. Namely, σΊ = 
—a,...,0, =(—-1)"q. 

For ἢ = 2,3, 4, the group S(n) is solvable. Suppose that the field K contains all 
roots of unity of degree 4 and less. Applying Theorem 1.1.3, we obtain that every 
polynomial of x1, ..., x, can be expressed through the elementary symmetric poly- 
nomials 0), ..., 0, using root extraction, summation, and multiplication by rational 
numbers. Therefore, Theorem 1.1.3 for n = 2, 3, 4 proves the representability of the 
roots of a degree-n algebraic equation through the coefficients of this equation using 
root extractions, summation, and multiplication by rational numbers. 

To obtain explicit formulas for the roots, we need to repeat all the arguments, 
performing all necessary constructions explicitly. We will do this in Sects. 1.1.3 
and 1.1.4. 


1.1.3 Lagrange Polynomials and Commutative Matrix Groups 


Let T be a polynomial of degree n with leading coefficient 1 over an arbitrary 
field K. Suppose that the polynomial T has exactly n distinct roots A,,...,A,. With 
every root A;, we associate the polynomial 


T(t) 
Τι(ἢ τι —————_.. 
T'(Aj)(t — Ai) 

This polynomial 7; is the unique polynomial of degree at most n — 1 that is equal 
to 1 at the root A; and to zero at all other roots of the polynomial 7. Let c1,..., cn 
be any collection of elements of the field K. The polynomial L(t) = )°c;7;(t) is 
called the Lagrange interpolating polynomial with interpolation points i1,...,An 
and initial values c1, ..., Cy). This is the unique polynomial of degree at most n that 
takes the value οἱ at every point Aj,i=1,...,n. 


Consider a vector space V (possibly infinite-dimensional) over the field K anda 
linear operator A : V — V. Suppose that the operator A satisfies a linear equation 
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T (A) = A" +a, A"! +---+a,_1A+ayE = 0, where a; € K, and E is the identity 
operator. Assume that the polynomial 7 (t) = x” + ayx"~! +---+ a, has n distinct 
roots 41,..., λ in the field K. The operator L; = T;(A), where 


T(t) 
T(t) = ——~—"—_., 
T'(Ai)(t — Ai) 
will be called the generalized Lagrange resolvent of the operator A correspond- 
ing to the root A;. For every vector x € V, the vector x; = L;x will be called the 
generalized Lagrange resolvent (corresponding to the root 4;) of the vector x. 


Proposition 1.1.5 


1. Generalized Lagrange resolvents L; of the operator A satisfy the following rela- 
tions: Lj +--+» +Ly,=E, LiL; =O foriF j, 1} =L;, AL; =4;L;. 

2. Every vector x € V is representable as the sum of its generalized Lagrange re- 
solvents, i.€., X =X, +---+Xn. Moreover, the nonzero resolvents x; of the vector 
x are linearly independent and are equal to eigenvectors of the operator A with 
the corresponding eigenvalues i. 


Proof 


1. Let A = {A;} be the set of all roots of the polynomial Τ᾽. By definition, the poly- 
nomial 7; is equal to 1 at the point A; and is equal to zero at all other points 
of this set. It is obvious that the following polynomials vanish on the set A: 
Τι +---+T7, —1, TT; fori Fj, T? —T;, tT; — 4;7;. Therefore, each of the 
polynomials mentioned above is divisible by the polynomial 7’, which has simple 
roots at the points of the set A. Since the polynomial T annihilates the operator 
A, i.e., T(A) = 0, this implies the relations L} + ---+ Ly = E, L;Lj =0 for 
if 7. 12. - 11. Aly = λιῖ. 

2. The second part of the statement is a formal consequence of the first. Indeed, 
since E = L; +---+ Ly, every vector x satisfies x = Lix+---+ Lyx = 
x; +---+x,. Assume that the vector x is nonzero, and that some linear com- 
bination Σ᾽ j2j;x; of the vectors x1,...,x%, vanishes. Then 0 = Lj )) wjLjx = 
DLL; [LjxX = μιχὶ- 1.6., every nonzero vector x; enters this linear combina- 
tion with the zero coefficient μὲ = 0. The identity AL; = A;L; implies that 
ALjx =i, Lix, 1.e., either the vector x; = L;x is an eigenvector of L; with the 
eigenvalue A;, or x; = 0. 


The explicit construction for the decomposition of x into eigenvectors of the op- 
erator A carries over automatically to the case of several commuting operators. Let 
us discuss the case of two commuting operators in more detail. Suppose that along 
with the linear operator A on the space V, we are given another linear operator 
B:V — V that commutes with A and satisfies a polynomial relation of the form 
Q(B) = BE +b, B‘-!+..-+.b,E =0, where b; € K. Assume that the polynomial 
O(t) = tk + bytk-! +... +d, has k distinct roots 21, ..., μα in the field K. With a 
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root jj, we associate the polynomial Q ;(t) = O(t)/Q'(uj)(t — 4;) and the opera- 
tor QO ;(B), i.e., the generalized Lagrange resolvent of the operator B corresponding 
to the root jz;. We call the operator L;,; = T;(A)Qj;(B) the generalized Lagrange 
resolvent of the operators A and B corresponding to the pair of roots A;, w;. The 
vector x;,; = Li,;x will be called the generalized Lagrange resolvent of the vector 
x € V (corresponding to the pair of roots A; and jz; ) with respect to the operators A 
and B. 


Proposition 1.1.6 


1. Generalized Lagrange resolvents L;,; of commuting operators A and B sat- 
isfy the following relations: Σ ΤΩ =E, Li, j, Lig, jp ΞΞ θ for (i, fir) F (2, ja), 
Lj, =Lij, ALij = Mi Li,j, BLi,j = bj Li,j- 

2. Every vector x € V is representable as the sum of its generalized Lagrange re- 
solvents, i.é., X = PRE ae Moreover, nonzero resolvents x;,; of the vector x are 
linearly independent, and are equal to eigenvectors of the operators A and B 
with the eigenvalues i; and 1 ;, respectively. 


Proof To prove the first part of the proposition, it suffices to multiply the corre- 
sponding identities for the generalized resolvents of the operators A and B. The 
second part of the proposition is a formal consequence of the first part. 


We can now apply the propositions just proved to an operator A of finite order: 
A” = E. Generalized Lagrange resolvents for such operators are particularly im- 
portant for solving equations by radicals. These are the resolvents that Lagrange 
discovered, and we call them the Lagrange resolvents (omitting the word “gener- 
alized”). Suppose that the field K contains n roots of unity €,,...,&, of degree n, 
ξδ΄ = |. By our assumption, T(A) = 0, where T(t) = t” — 1. Let us now compute 
the Lagrange resolvent corresponding to the root ξ; = €. We have 


inn } ἢ 
Τα ee 


The Lagrange resolvent 7;(A) of the operator A corresponding to a root ξ; = ξ will 
be denoted by Rz(A). We obtain Rg (A) = 1 yee ek ak 


Ti) = (PE po be (EY E41). 


Corollary 1.1.7 Consider a vector space V over a field Καὶ containing all the nth 
roots of unity. Suppose that an operator A satisfies the relation A" = E. Then, for 
every vector x € V, either the Lagrange resolvent Rz(A)(x) is zero, or it is equal to 
an eigenvector of the operator A with the eigenvalue €. The vector x is the sum of 
all its Lagrange resolvents. 


Remark 1.1.8 Corollary 1.1.7 can be verified directly, without any reference to pre- 
ceding results. 


Let G be a finite group of linear operators on a vector space V over the field K. 
Let n denote the order of the group G. Suppose that the field K contains all nth 
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roots of unity for some n. Then the space V is a direct sum of subspaces that are 
eigenspaces simultaneously for all operators from the group G. Let us make this 
statement more precise. Suppose that the group G is the direct sum of k cyclic 


groups of orders m,,..., mx. Suppose that the operators A; € G,..., Ax € G gen- 
erate these cyclic subgroups. In particular, At! = By sisy Ay = E. For every col- 
lection A = A1,...,Ax% of roots of unity of degrees mj1,..., mx, consider the joint 


Lagrange resolvent L) = Lj, (A1)---L),(Ag) of all generators A;,..., Ay of the 
group G. 


Corollary 1.1.9 Every vector x € V is representable in the form x = δ Lx. 
Each of the vectors L)x is either zero or a common eigenvector of the operators 
Aj,..., Ag with the respective eigenvalues 41, ..., Ak. 


1.1.4 Solving Equations of Degree 2 to 4 by Radicals 


In this subsection, we revisit equations of low degree (see Sect. 1.1.2). We will 
use the technique of Lagrange resolvents and explain how the solution scheme for 
equations from Sect. 1.1.2 can be used to produce explicit formulas. The formulas 
themselves will not be written down. We use notation from Sects. 1.1.2 and 1.1.3. 
Lagrange resolvents of operators will be labeled by the eigenvalues of these opera- 
tors. Joint Lagrange resolvents of pairs of operators will be labeled by pairs of the 
corresponding eigenvalues. 


Equations of the Second Degree Assume that the characteristic of a field K is 
not equal to 2. The polynomial ring K[x1, x2] carries a linear action of the permuta- 
tion group S(2) = Zz of two elements. This group consists of the identity map and 


some operator of order 2. The element x; has two Lagrange resolvents with respect 
to the action of this operator: 


1 1 1 
Κι Ξε rh! + x2) = 5σι and Κ 1 Ξ rh! — x2). 

The square of the Lagrange resolvent R_; is a symmetric polynomial. We have 

2 1 2 1; 9 

ΚΕ. Ξ glo + x2)*° — 4x1 x2) = gli - 4o). 
We obtain a representation of the polynomial x; through the elementary symmetric 
polynomials 
σι ΞΕ af de = 4o2 


2 ᾽ 


which gives the usual formula for the solutions of a quadratic equation. 


xp =Ri+R-1= 
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Equations of the Third Degree Assume that the characteristic of a field K is 
not equal to 2 and that K contains the three cube roots of unity. On the polynomial 
ring K[x1,x2,x3] = V, there is an action of the permutation group 5(9). The al- 
ternating group A(3), which is a cyclic group of order 3, is a normal subgroup of 
the group S(3). The group A(3) is generated by the operator B defining the per- 
mutation x2, x3, x; of the variables x1, x2,x3. The quotient group S(3)/A(3) is a 
cyclic group of order 2. Denote by V; the invariant subalgebra of the group A(3) 
(consisting of all polynomials that remain unchanged under all even permutations 
of the variables) and by V2 the algebra of symmetric polynomials. The element x, 
has three Lagrange resolvents with respect to the generator B of the group A(3): 


1 
Ry = 5(41 + x2 +3), 


3 

1 2 
Re, = τι + &x2 + ξ5.χ5), 

1 2 
Re, = τίσι Ἔ 1x2 + 7x3), 


where ἕξι, 2 = 5(-1 + ./—3) are the cube roots of unity different from one. 

We have x; = Rj + Re, + Rey, and Ri, Re ᾿ Re lie in the algebra V;. Moreover, 
the resolvent Rj is a symmetric polynomial, and the polynomials ΚΦ and Re, are 
interchanged under the action of the group Z2 = $(3)/A(3) on the ring V;. Apply- 
ing the construction used for solving quadratic equations to the polynomials Re 


and Rp we obtain that these polynomials can be expressed through the symmetric 


polynomials Re + R:, and (ἢ - ΚΕ). We finally obtain that the polynomial x; 


can be expressed through the symmetric polynomials R; € V2, Re + κὲ € Vo, and 


(ἢ - ΚΕ} Εν with the help of root extractions of the second and third degrees 
and the arithmetic operations. To write down an explicit formula for the solution, it 
remains only to express these symmetric polynomials through the elementary sym- 
metric polynomials. 


Equations of the Fourth Degree The reason why equations of the fourth de- 
gree are solvable is that the group S(4) is solvable. The group S(4) is solvable 
because there exists ahomomorphism z : $(4) — S(3) whose kernel is the Abelian 
group ΚΙ = Zz Ὁ Zz. The homomorphism z can be described in the following way. 
There exist exactly three ways to split a four-element set into pairs of elements. Ev- 
ery permutation of the four elements gives rise to a permutation of these splittings. 
This correspondence defines the homomorphism zr. The kernel ΚΙ of this homomor- 
phism is a normal subgroup of the group S(4) consisting of four permutations: the 
identity permutation and the three permutations, each of which is a product of two 
disjoint transpositions. 

Assume that the characteristic of a field K is not equal to 2 and that K con- 
tains the three cube roots of unity. The group S(4) acts on the polynomial ring 
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K[x1, x2, x3,x4] = V. Denote by V, the invariant subalgebra of the normal sub- 
group ΚΙ of the group S(4). Thus the polynomial ring V = K [x1, x2, x3, x4] carries 
an action of the Abelian group ΚΙ with the invariant subalgebra γι. On the ring Vj, 
there is an action of the solvable group 5 (39) = S(4)/ ΚΙ, and the invariant subalge- 
bra with respect to this action is the ring V2 of symmetric polynomials. 

Let A and B be operators corresponding to the permutations x2, x1, x4,.x3 and 
X3,X4,X1,X2 Of the variables x), x2, x3, x4. The operators A and B generate the 
group ΚΙ. The following identities hold: A? = B? = E. The roots of the polyno- 
mial T(t) = 12 — 1 annihilating the operators A and B are equal to +1, —1. The 
group ΚΙ is the sum of two copies of the group with two elements, the first copy 
being generated by A, and the second copy by B. 

The element x; has four Lagrange resolvents with respect to the action of com- 
muting operators A and B generating the group ΚΙ: 


1 
Κι, = qo + x2 +%x3+ x4), 
1 
Rj. = a — x2 +%3—X4), 
1 
Κι, Ξε qo + x2 — x3 — x4), 
1 
R-1,-1= qo — x2 —x34+4x4). 


The element x is equal to the sum of these resolvents, x) = αι 1 + R-1,1+R1,-1+ 
R_1,1, and the squares Rie Rea Ri οὶ Rey of the Lagrange resolvents belong 
to the algebra γι. Therefore, x; is expressible through the elements of the algebra 
V with the help of the arithmetic operations and extraction of square roots. In turn, 
the elements of the algebra V; can be expressed through symmetric polynomials, 
since this algebra carries an action of the group S(3) with the invariant subalgebra 
V2 (see the solution of cubic equations above). 

Let us show that this argument provides an explicit reduction of a fourth-degree 
equation to a cubic equation. Indeed, the resolvent R11 = al is a symmetric 
polynomial, and the squares of the resolvents R_1,1, Ri,-1, and R_j,; are per- 
muted under the action of the group S(4) (see the description of the homomorphism 
π: S(4) > S(3) above). Since the elements ΚΖ Lv Ri 1 and R2 1,1 are only being 
permuted, the elementary symmetric polynomials of them are invariant under the 
action of the group S(4) and hence belong to the ring V2. Thus the polynomials 


2 2 2 
by = RI, + Rip + R241, 


2 p2 2 p2 2 2 
by = ΚΕ Rpg + RY Roy + ΑΞ ΑΞ 


_p2 p2 p2 
b3 = ΚΕ Ry ΚΞ. 
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are symmetric polynomials in x1, x2, x3, and x4, therefore, bj, bz, and b3 are ex- 
pressible explicitly through the coefficients of the equation 


x* + ayx? + anx* +a3x +44 =0, (1.1) 
whose roots are x1, x2, x3, x4. To solve Eq. (1.1), it suffices to solve the equation 
— bir? + bor — b3 =0 (1.2) 


and set x = Τς- αἱ ἜΤΙ + ./r2 + ./r3), where r1, r2, and r3 are roots of Eq. (1.2). 

We conclude this section by giving yet another beautiful explicit reduction of a 
fourth-degree equation to a third-degree equation based on consideration of a pencil 
of plane quadrics [Berger 87]. 

The coordinates of the intersection points of two plane conics P =0 and Q = 0, 
where P and Q are given second-degree polynomials in x and y, can be found by 
solving one cubic and several quadratic equations. Indeed, every conic of the pencil 
P+2AQ=0, where λ is an arbitrary parameter, passes through the points we are 
looking for. For some value 4 of the parameter 4, the conic P + AQ = 0 splits into 
a pair of lines. This value satisfies the cubic equation det(P +2Q) = 0, where P and 
Q are 3 x 3 matrices of the quadratic forms corresponding to the equations of the 
conics in homogeneous coordinates. The equation of each line forming the degener- 
ate conic P +A9Q = 0 can be found by solving a quadratic equation: every such line 
passes through the center of the conic” whose coordinates can be expressed through 
the coefficients of the conic with the help of arithmetic operations and through one 
of the intersection points of the conic with any fixed line. To find the coordinates 
of this point, one needs to solve a quadratic equation. An equation of the line pass- 
ing through two given points can be found with the help of arithmetic operations. 
If the equations of the lines into which the conic P + AgQ = 0 splits are known, 
then to find the desired points, it remains only to solve the quadratic equations on 
the intersection points of the conic P = 0 and each of the two lines constituting the 
degenerate conic. 

Therefore, the general equation of the fourth degree reduces to a cubic equation 
with the help of arithmetic operations and quadratic root extractions. Indeed, the 
roots of an equation agx* + a,x? + anx? +.a3x + a4 = 0 are projections onto the 
x-axis of the intersection points of the conics y = x? and agy* + ajxy + azy + 
a3x +a4=0. 


1.2 Fixed Points under an Action of a Finite Group and Its 
Subgroups 


Here, we prove one of the central theorems of Galois theory, according to which 
distinct subgroups in a finite group of field automorphisms have distinct invari- 
ant subfields. From this point until Sect. 1.11, we shall assume that all the fields 


>The center of the conic is the point p in the plane such that oP = oF = 0 (translator’s note). 
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under consideration are infinite. (Galois theory holds for finite fields as well; see 
Sect. 1.11.) The proof is based on a simple explicit construction using the Lagrange 
interpolating polynomial and on a geometrically obvious statement that a vector 
space cannot be covered by a finite number of proper vector subspaces. 

We start with the geometric statement. Let V be an affine space (possibly infinite- 
dimensional) over some infinite field. 


Proposition 1.2.1 The space V cannot be represented as a union of a finite number 
of its proper affine subspaces. 


Proof We use induction on the number of affine subspaces. Suppose that the state- 
ment has been proved for every union of fewer than n proper affine subspaces. 
Suppose that the space V is representable as a union of n proper affine subspaces 
Vi,..., Vi. Consider any affine hyperplane V in the space V containing the first of 
these subspaces, γ᾽. The space V is a union of an infinite family of disjoint affine 
hyperplanes parallel to V. At most n hyperplanes from this family contain one of 
the subspaces V},..., V,. Take any other hyperplane from the family. To this hy- 
perplane and its intersections with the affine subspaces V>,..., V, the induction 
hypothesis applies, which concludes the proof. 


Corollary 1.2.2 Suppose that a finite group of linear transformations acts on a 
vector space V over an infinite field. Then there exists a vector a such that the 
restriction of the action to the orbit of a is free. 


Proof The fixed-point set of a linear transformation is a vector subspace. If the 
linear transformation is different from the identity, then this subspace is proper. We 
can choose a to be any vector not belonging to the union of the fixed-point subspaces 
of nontrivial transformations from the group. 


The stabilizer Gq C G of a vector a € V is defined as the subgroup consisting of 
all elements g € G that fix the vector a, i.e., such that g(a) =a. 

In general, not every subgroup Go of a finite linear group G is the stabilizer of 
some vector a. As an example, consider the cyclic group of linear transformations 
of the complex line generated by the multiplication by a primitive mth root of unity. 
If the number n is not prime, then this cyclic group has a nontrivial cyclic subgroup, 
but the stabilizers of all vectors are trivial (the identity subgroup for every element 
a # 0, and the entire group for a = 0). Thus the existence of a vector a stable only 
under the action of the subgroup Gg is not obvious, and is not true in general, i.e., 
for all representations of the group G. 


Lemma 1.2.3 Let Gq and Gy» be stabilizers of vectors a and b in some vector 
space V. Then the subspace L spanned by the vectors a and b contains a vector c 
whose stabilizer Οἷς is equal to GaN Gp. 


Proof The subgroup Gg M Gz fixes all vectors of the space L. However, every el- 
ement g ¢ Gz M Gz» acts nontrivially either on the element a or on the element b. 
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Vectors from L stable under the action of a fixed element g ¢ Gg MG, form a 
proper subspace in L. By Proposition 1.2.1, such subspaces cannot cover the entire 
space L. 


Let G be a group of automorphisms of a field P. Fixed elements under the action 
of the group G form a subfield, which we denote by K. The field P can be viewed 
as a vector space over the field K. 

In Galois theory, the following theorem plays a major role: 


Theorem 1.2.4 Let G be a finite group of automorphisms of a field P. Then for 
every subgroup Go of the group G there exists an element x € P whose stabilizer 
coincides with the subgroup Go. 


In the proof of this theorem, it will be convenient to use the space P[t] of poly- 
nomials with coefficients from the field P. Every element f of the space P[t] has 
the form f ΞΞ ἀρ +---+amt™, where ag,...,dm € P. A polynomial f € P[t] de- 
fines a map f : P — P taking a point x € P to the point f(x) =ap +---+amx™. 
Every automorphism o of the field P gives rise to the induced automorphism 
of the ring P[t] mapping a polynomial f = ἂρ +---+ amt” to the polynomial 
f° =o(ao)+---+0(am)t. For every element x € P, the following identity holds: 
f° (ox) = o(f (x)). Thus the automorphism group of the field P acts on the ring 
P[t]. For every k > 0, the space P;[t] of polynomials of degree < k is invariant 
under this action. 


Lemma 1.2.5 Suppose that a group G of automorphisms of the field P contains m 
elements. Then for every subgroup Go of the group G, there exists a polynomial f 
whose degree is less than m and whose stabilizer coincides with the group Go. 


Proof Indeed, by Corollary 1.2.2, there exists an element a € P on whose orbit 
O the action of the group G is free. In particular, the orbit O contains exactly m 
elements. Suppose that the subgroup Go contains k elements. Then the group G has 
4 =m/k right Go-cosets. Under the action of the subgroup Go, the set O splits 
into q orbits Oj, 7 =1,...,q. Fix q distinct elements b),..., bg in the invariant 
field K, and form the Lagrange polynomial of degree less than m that takes the value 
bj; at every element of the subset O;, 7 =1,...,¢q. The polynomial f satisfies the 
assumptions of the lemma. 

Indeed, the polynomial f is invariant under an automorphism o if and only if 
for every element x of the field P, the equality f(o(x)) =o (f(x)) holds. Since the 
polynomial f has degree less than m and the set O contains m elements, it suffices 
to verify the equality at all elements of the set O. By construction of the polynomial 
f, the equality f(o(x)) = σ( (x)) holds if and only if σ € Go. 


We now proceed with the proof of the theorem. Consider a polynomial f(x) = 
αὐ -Ἐ --- Ὁ Gm—1x""—! whose stabilizer is equal to Go. The intersection of the sta- 
bilizers of the coefficients ao, ...,@m—1 of this polynomial coincides with the sub- 
group Go. Consider the vector subspace L over the invariant subfield Καὶ C P with 
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respect to the action of the group G spanned by the coefficients do, ..., dm_—1. By 
Lemma 1.2.3, there exists a vector c € L whose stabilizer is equal to Go. 


1.3 Field Automorphisms and Relations Between Elements 
in a Field 


In this section, we consider a finite group of field automorphisms. We prove the 
following two theorems from Galois theory. 

The first theorem (Sect. 1.3.2) states that every element of a field is algebraic over 
the invariant subfield of a group of field automorphisms. Moreover, every element 
satisfies a separable equation (see Sect. 1.3.1) over the invariant subfield. 

Suppose that y and z are two elements of the field. Under what conditions does 
there exist a polynomial T with coefficients from the invariant subfield such that 
z= T(y)? The second theorem (Sect. 1.3.4) states that such a polynomial T exists 
if and only if the stabilizer of the element y lies in the stabilizer of the element z. 


1.3.1 Separable Equations 


Let T(t) be a polynomial over a field K, T’(t) its derivative, and D(t) the greatest 
common divisor of these polynomials. 


Proposition 1.3.1 A root of the polynomial T of multiplicity k > 1 is also a root of 
the polynomial D of multiplicity > (k — 1). 


Proof Suppose that T(t) = (t — x)‘ Q(t). Then 


T'(Hh=kt-—x) 1 9@+e¢-x o'o 


(if k is divisible by the characteristic of the field, then the first summand vanishes). 


A polynomial T over a field K is called separable if every root of T (in general, 
the roots lie in some extension of K) is simple. If T is separable, we also call the 
equation T = 0 separable, and if T is irreducible, we call the equation T = 0 irre- 
ducible as well. Proposition 1.3.1 implies that every irreducible polynomial over a 
field of zero characteristic is separable: indeed, an irreducible polynomial of degree 
n cannot have acommon factor with its derivative, which has degree n — | (in a field 
of positive characteristic, the derivative of a nonconstant polynomial can be identi- 
cally equal to zero). In the next subsection, we will see that only separable equations 
are important for Galois theory. For inseparable equations, Galois theory does not 
exist in full generality. It is not hard to prove that every irreducible equation over a 
finite field is separable. Let us give an example of an inseparable equation over an 
infinite field. If the equation x”? = a has a root ina field K of characteristic p, then 
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the multiplicity of this root is equal to p: indeed, if TA =a, thenx? —a=(x—x9)?. 
Hence, if the equation x”? = a does not have a root in the field K, then this equation 
is irreducible and inseparable. 


Example 1.3.2 Let Καὶ = Z/pZ(t) be the field of rational functions over the finite 
field of p elements. The equation x? = ¢ is irreducible and inseparable. 


1.3.2 Algebraicity over the Invariant Subfield 


Let P be a commutative algebra with no zero divisors on which a group z acts by 
automorphisms, and let K be the invariant subalgebra. We do not assume that the 
group z is finite (although for Galois theory, it suffices to consider the actions of 
finite groups). 


Theorem 1.3.3 


1. The stabilizer of an element y € P algebraic over K has finite index in the 
group 1. 

2. If the stabilizer of an element y € P has finite index n in the group 1, then y is 
a root of an irreducible separable polynomial over K of degree n whose leading 
coefficient is equal to one. 


Proof 


1. Suppose that an element y satisfies an algebraic equation 
Poy” +--++ pPn=O0 (1.3) 


with coefficients p; from the invariant subalgebra K. Then every automorphism 
of the algebra P that fixes all elements of K maps the element y to one of the 
roots of Eq. (1.3). There are no more than ἢ“ of these roots, and hence the index 
of the stabilizer of y in the group z does not exceed n. 

2. Suppose that the stabilizer G of an element y has index n in the group 7. Then 
the orbit of the element y under the action of the group z contains precisely n 
distinct elements. Let y,,..., y, denote the elements of this orbit. Consider the 
polynomial Q(y) = (Ὁ — y1)---(y — yn). Under the permutation of the points 
Y1,---,Yn, the factors of the polynomial Q get permuted, but the polynomial 
itself does not change. Hence, the coefficients of Q belong to the algebra of 
invariants K. The element y satisfies the algebraic equation Q(y) = 0 over the 
algebra K. This equation is irreducible (i.e., the polynomial Q does not admit 
a factorization into two polynomials of positive degree whose coefficients lie in 
the algebra K). Indeed, if it is reducible, then y satisfies an algebraic equation 
of smaller degree over the algebra K, and the orbit of y contains fewer than n 
elements. All roots of the polynomial Q are distinct; hence the polynomial is 
separable. 
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Remark 1.3.4 Viéte’s formulas allow one to find the coefficients of the polyno- 
mial Q. The elementary symmetric functions oj = yj +---+ Yn, 02 = >; ep ys 
.++,On = γὴ τ Yn Of the orbit points y;,..., y, belong to the invariant subalge- 
bra K, and 


Oy) = γ" — oy"! + any"? +--+ (—1)" on = 0. 


1.3.3 Subalgebra Containing the Coefficients of the Lagrange 
Polynomial 


In this subsection, we consider the Lagrange polynomial constructed by a special 
data set, and an estimate is made on the subalgebra containing its coefficients. These 
results will be used in Sect. 1.3.4. 


Let P be a commutative algebra without zero divisors, suppose y1,..., Yn are 
distinct elements of the algebra P, and Q € P[y] is a polynomial of degree n with 
leading coefficient 1 that vanishes at the points yj,..., Yn, Le., 


O(y) ΞΞ Ο -- yi) + Ὁ -- Yn). 


Consider the following problem. 


Problem 1.3.5 For given elements z;,..., Zn of the algebra P, find the Lagrange 
polynomial T taking the values z; Q’(y;) at points y;. 


Let Q; denote the polynomial Q;(y) = [7 ΤΙ (y — ν;). The following statement 
is obvious. 


Proposition 1.3.6 The desired Lagrange polynomial T is equal to ΣΤ 1 zi Qi(y). 


Let us formulate a more general statement (related to this problem), which we 
will not use and will not prove. 


Proposition 1.3.7 Suppose that a subalgebra K of the algebra P contains the 
coefficients of the polynomial Q and the elements mo,...,Myj—1, where mp = 
Σ ave: Then the coefficients of the polynomial T belong to the subalgebra K, i.e., 
T € K[y]. 


We will need the following special case of this statement. Let 2 be a group of 
automorphisms of the algebra P, K C P the algebra of invariants under the action 
of z, Y the orbit of an element y; € P under the group action. Let f : Y > P bea 
map commuting with the action of the group 7, thatis, fog=gof if gem. Put 


z= fO1),---,2Zn = fOn). 
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Proposition 1.3.8 The coefficients of the polynomial T defined in Proposition 1.3.6 
belong to the algebra of invariants K. 


Proof The action of elements g of the group z permutes the summands of the poly- 
nomial T: if g(y;) = y;, then g maps the polynomial z; Q;(y) to the polynomial 
2; Qj(y). Hence , the polynomial Τ᾽ does not change under the action of the group π, 
that is, T ε K[y]. 


1.3.4 Representability of One Element Through Another Element 
over the Invariant Field 


Let P be a field on which a group z of automorphisms acts, and K the correspond- 
ing invariant field. Suppose that x and y are elements of the field P algebraic over 
the field K, and Gy, Οἷς are their stabilizers. By Theorem 1.3.3, the element y (the 
element z) is algebraic over the field K if and only if the group G, (respectively the 
group G_) has finite index in the group 2. Under what conditions does z belong to 
the extension K (y) of the field K obtained by adjoining the element y? The answer 
to this question is provided by the following theorem: 


Theorem 1.3.9 The element z belongs to the field K (y) if and only if the stabilizer 
Ος of the element z includes the stabilizer Gy of the element y. 


Proof In one direction, the theorem is obvious: every element of the field Καὶ (Ὁ) 
is fixed under the action of the group Gy. In other words, the stabilizer of every 
element of K (y) contains the group Gy. 

We will prove the converse statement in a stronger form. We will now assume that 
P is acommutative algebra with no zero divisors (which is not necessarily a field), 
π᾿ is a group of automorphisms of the algebra P, K is the invariant subalgebra, y 
and z are elements of the algebra P whose stabilizers Gy and Οἷς have finite index 
in the group π. Let Q denote an irreducible monic polynomial over the algebra K 
such that Q(y) = 0 (see part 2 of Theorem 1.3.3). 


Proposition 1.3.10 Jf G, > Gy, then there exists a polynomial T with coefficients 
in the algebra K for which we have zQ'(y) =T(y). 


Proof Let S denote the set of right Gy-cosets in the group 2. Suppose that the 
set S consists of n elements. Number the elements s1,...,5, of this set in such 
a way that the coset of 2 containing the identity element has index 1. Let g; be 
any representative of the coset s; in the group π. The images g;(y), g;(z) of the 
elements y, z under the action of an automorphism g; do not depend on the choice of 
a representative g; in the class s;. We denote these images by y; and z;, respectively. 
All elements y,,..., y, are distinct by construction, whereas some of the elements 
Z1,-+-+;Z, may coincide. For every nonnegative integer k, the element m; = z1 yt + 
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an yk is invariant under the action of the group zr, and hence belongs to the 
invariant subalgebra K. To conclude the proof, it remains to use Proposition 1.3.7. 
Proposition 1.3.10 and Theorem 1.3.9 are thus proved. 


1.4 Action of a k-Solvable Group and Representability by 
k-Radicals 


In this section, we consider a field P with an action of a finite group G of auto- 
morphisms and the invariant subfield K. As before, we assume that the order n of 
the group G is not divisible by the characteristic of the field P and that the field P 
contains all nth roots of unity. Note that now n is the order of G and not the number 
of links in a chain of subgroups (see the definition below). Let us now denote the 
number of links in such a chain by m. A definition of a k-solvable group will be 
given. We will prove that if the group G is k-solvable, then every element of the 
field P can be expressed through the elements of the field K by radicals and solu- 
tions of auxiliary algebraic equations of degree at most k. The proof is based on the 
theorems given in preceding sections. 


Definition 1.4.1 A group G is called k-solvable if it has a chain of nested subgroups 
G=G9 DG, D-::-DGy=e 


such that for each i, 0 <i < m, either the index of the subgroup G; in the 
group G;_; does not exceed k, or G; is a normal subgroup of the group G; and 
the quotient group G;_;/G; is Abelian. 


Theorem 1.4.2 Let G be a finite k-solvable group of order n acting by automor- 
phisms of a field P containing all nth roots of unity. Then every element x of the 
field P can be expressed through the elements of the invariant subfield K with 
the help of arithmetic operations, root extractions, and solving auxiliary algebraic 
equations of degree k or less. 


Proof Let G= Gop D Οἱ 3 --- D Gm =e be achain of nested subgroups satisfying 
the assumptions in the definition of a k-solvable group. Denote by K = Kg C--- C 
Κι, = P the chain of invariant subfields corresponding to the actions of the groups 
Go,.--,Gm- 

Suppose that the group G; is a normal subgroup of the group G;_; and that 
the quotient G;_; /G; is Abelian. The Abelian quotient group G;_1/G; acts on the 
invariant subfield K; leaving the invariant subfield K;_; pointwise fixed. There- 
fore, every element of the field K; is expressible through the elements of the sub- 
field K;_; by means of summation and root extraction (see Theorem 1.1.3 from 
Sect. 1.1.1). 

Suppose that the group G; is a subgroup of index m < k in the group G;_1. There 
exists an element a € P whose stabilizer equals G; (Theorem 1.2.4). The field K; 
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carries an action of the group G;_; of automorphisms with the invariant sub- 
field K;—1. Since the index of the stabilizer G; of the element a in the group G 
is equal to m, the element a satisfies an algebraic equation of degree m < k over the 
field K;1. By Theorem 1.3.9, every element of the field K; is a polynomial in a 
with coefficients from the field K;_. 

Repeating the same argument, we will be able to express every element of the 
field P through the elements of the field K with the help of the arithmetic operations, 
root extractions, and solutions of auxiliary algebraic equations of degree k or less. 


1.5 Galois Equations 


A separable algebraic equation over a field K is called a Galois equation if the 
extension of the field K obtained by adjunction of any single root of this equation to 
K contains all other roots. In this section, we prove that for every separable algebraic 
equation over the field K there exists a Galois equation for which the extension of 
the field K obtained by adjunction of all roots of the initial equation coincides with 
the extension obtained by adjunction of a single root of the Galois equation. The 
proof is based on Theorem 1.3.9 from Sect. 1.3.4. Galois equations are convenient 
tools for constructing Galois groups (see Sects. 1.6 and 1.7). 

Let K be any field. Denote by P the algebra K[x1,..., Xm] of polynomials over 
the field K in the variables x;,..., x. The algebra P carries an action of a group 7 
of automorphisms isomorphic to the permutation group S(m) on m elements: the 
action of the group consists in the simultaneous permutation of the variables in all 
polynomials from the ring K[x1,..., Xm]. The invariant subalgebra K with respect 
to this action consists of all symmetric polynomials in the variables x1, ..., Xm. 

Let y € P be some polynomial in m variables whose orbit under the action of 
the group S(m) contains exactly n = m! distinct elements y = yj,..., yn. Let Q 
denote a polynomial over the algebra K whose roots are the elements ΡΞ P 
(see Theorem 1.3.3). The derivative of the polynomial Q does not vanish at its 
roots yj,..-, Yn. Applying Proposition 1.3.10 to the action of the group S(m) on 
the algebra P with the invariant subalgebra K, we obtain the following corollary: 


Corollary 1.5.1 For every element F € P= K[x1,..-,Xm], there exists a polyno- 
mial T whose coefficients are symmetric polynomials in the variables x, ..., Xm 
such that the following identity holds: 


FQ'(y)=T(). 


Let bo + bix+-- er bmx" = 0 be an algebraic equation over the field K, bj € K, 
whose roots χῇ, ..., x9 are distinct. Let P be the field obtained from K by adjoin- 
ing all these roots. Consider the map z : K[x1,...,Xm] — P, assigning to each 
polynomial its value at the point on see} ney e€ Pp”, 


20 1 Galois Theory 


Corollary 1.5.2 Let y € K[x1,..., Xm] be a polynomial such that all n = m! poly- 
nomials obtained from y by all possible permutations of the variables assume dis- 
tinct values at the point Ge ees <>) € P™ . Then the value of the polynomial y at 
this point generates the field P over the field K. 


Proof Indeed, the algebraic elements χῦ, τρὶς ἄν, generate the field P over the 
field K. Therefore, every element of the field P " the value of some polynomial 
from the ring K[x1,..., Xm] at the point (x? ἜΝ aa However, by Corollary 1.5.1, 


every polynomial F multiplied by Q’ (y) is ene asa Polen T of y 
with coefficients from the algebra K. We plug in the point Ga daca a) into the 
corresponding identity F(x1,...,Xm)Q’(y) = ΤΟ). By our assumption, all n = m! 
roots of the polynomial Q assume distinct values at the point Ge shag 29}: There- 
fore, the function Q'(y) is different from 0 at this point, and the values of all sym- 
metric polynomials at the point Ge, ΡΥ xe) belong to the field K (since symmetric 
polynomials of the roots of an equation can be expressed through the coefficients of 
this equation). 


Lemma 1.5.3 For any distinct elements ti: coon xe of the field P > K there exists 
a linear polynomial y = 44x +--+: +AmXm with coefficients d1,...,4m from the 
field K such that all n = μι! polynomials obtained from y by permutations of the 
variables assume distinct values at the point αὐ, beans x) e€ P™. 


Proof Consider the n = m! points obtained from the point Ge ὕξῶς x) by all possi- 
ble permutations of the coordinates. For every pair of points, the linear polynomials 
assuming the same values at these points form a proper vector subspace in the vec- 
tor space of all linear polynomials with coefficients from the field K. The proper 
subspaces corresponding to pairs of points cannot cover the entire space (Propo- 
sition 1.2.1). Every linear polynomial y not lying in the union of the subspaces 
described above has the desired property. 


Definition 1.5.4 An equation ap + a,x 7 »+amx™ =0 over the field K is called 
a Galois equation if its roots χῇ, ΤΕ χῦ have the following property: for every 
pair of roots ue ’ xy, there exists a polynomial P;,;(t) over the field K such that 


P,j(xp) =x}. 


Theorem 1.5.5 Suppose that a field P is obtained from the field K by adjoining 
all roots of an algebraic equation over the field K with no multiple roots. Then the 
same field P can be obtained from the field K by adjoining a single root of some (in 
general, distinct) irreducible Galois equation over the field K . 


Proof By the assumption of the theorem, all roots ae ere 9 of the equation are dis- 
tinct. Consider a linear homogeneous polynomial y with coefficients in the field K 
such that all n = m! linear polynomials obtained from y by permutations of the vari- 
ables assume distinct values at the point x, ee Laan Consider an equation of de- 
gree n over the field K whose roots are these values. By the corollary proved above, 
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the equation thus obtained is a Galois equation, and its roots generate the field P. 
The Galois equation we have obtained may turn out to be reducible. Equating any 
irreducible component of it to zero, we obtain a desired Galois equation. 


1.6 Automorphisms Connected with a Galois Equation 


In this section, we construct a group of automorphisms of an extension obtained 
from the base field by adjoining all roots of some Galois equation. We will show 
(Theorem 1.6.2) that the invariant subfield of this group coincides with the field of 
coefficients. 

Let OQ = bo + dix +--+ + b,x" be an irreducible polynomial over the field K. 
Then all fields generated over the field K by a single root of the polynomial Q are 
isomorphic to each other and admit the following abstract description: every such 
field is isomorphic to the quotient of the ring K[x] by the ideal Ig generated by the 
irreducible polynomial Q. We denote this field by K[x]/Jo. 

Let M be an extension of the field K containing all n roots Ce ΠΝ ce of the 
equation Q(x) = 0. With every root cee we associate the field K; obtained by ad- 
joining the root x to the field Κ΄. All the fields Kj, i =1,...,, are isomorphic to 
each other and are isomorphic to the field K[x]/Ig. Denote by o; the isomorphic 
map of the field K[x]/Jg to the field K; that fixes all elements of the coefficient 
field K and takes the polynomial x to the element αν: 


Lemma 1.6.1 Suppose that the equation Q = bo + bix +--+ + δ,χ" =0 is irre- 
ducible over the field Καὶ. Then the images σι (a) of an element a of the field K|x]/Ig 
in the field M under all isomorphisms o;, i = 1,...,n, coincide if and only if the 
element a lies in the coefficient field K . 


Proof If b=0,(a) =---=on(a), then the element b is equal to b = (σι (a) +---+ 
On(a))n—! (in the case under consideration, n + 0 in the field K). Therefore, the 
element b is the value of a symmetric polynomial in the roots i εὐος x of the 
equation Q(x) = 0; hence it belongs to the field K. 


We are now ready for the main theorem of this section: 


Theorem 1.6.2 Suppose that a field P is obtained from the field Καὶ by adjoining all 
roots of an irreducible algebraic equation over the field K. Then an element b € P 
is fixed by all automorphisms of P fixing all elements of K if and only ifbe€ K. 


Proof By Theorem 1.5.5 we can assume that the field P is obtained from the field K 
by adjoining all roots (or, which is the same, a single root) of some irreducible 
Galois equation. By definition of a Galois equation, all the fields K; mentioned 
in Lemma 1.6.1 coincide with the field P. The isomorphism ojo, between the 
field K; and the field Kj; is an automorphism of the field P fixing all elements of 
the field K. By the lemma, an element b is fixed under all such automorphisms if 
and only ifbe K. 
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1.7 The Fundamental Theorem of Galois Theory 


In Sects. 1.2, 1.3, 1.5, and 1.6 we in fact proved the central theorems of Galois the- 
ory. In this section, we give a summary. We define Galois extensions (Sect. 1.7.1) 
and Galois groups (Sect. 1.7.2), we prove the fundamental theorem of Galois 
theory (Sect. 1.7.3), and we discuss the properties of the Galois correspondence 
(Sect. 1.7.4) and the behavior of the Galois group under extensions of the coeffi- 
cient field. 


1.7.1 Galois Extensions 


We give two equivalent definitions: 


Definition 1.7.1 A field P obtained from a field K by adjunction of all roots of 
a separable algebraic equation over the field K is called a Galois extension of the 
field K. 


Definition 1.7.2 A field P is a Galois extension of its subfield K if there exists 
a finite group G of automorphisms of the field P whose invariant subfield is the 
field K. 


Proposition 1.7.3 Definitions 1.7.1 and 1.7.2 are equivalent. The group G from 
Definition 1.7.2 coincides with the group of all automorphisms of the field P over 
the field K. It follows that the group G is uniquely defined. 


Proof If the field P is a Galois extension of the field K in the sense of Defini- 
tion 1.7.1, then by Theorem 1.6.2, the field P is also a Galois extension of the 
field K in the sense of Definition 1.7.2. Suppose now that the field P is a Galois 
extension of the field K in the sense of Definition 2. By Corollary 1.2.2, there exists 
an element a € P that moves (does not stay fixed) under the action of every element 
of the group G. Consider the orbit O of the element a under the action of G. By 
Theorem 1.3.3, there exists an algebraic equation over the field K whose set of roots 
coincides with O. By Theorem 1.3.9, every element of the orbit, i.e., every root of 
this algebraic equation, generates the field P over the field K. Therefore, the field P 
is a Galois extension of the field K in the sense of Definition 1.7.1. 

Every automorphism o of the field P over the field K takes the element a to 
some element of the set O, since the set O is the set of all solutions of an alge- 
braic equation with coefficients in the field K. Hence o defines an element g of the 
group G such that o(a) = g(a). The automorphism o must coincide with g, since 
a generates the field P over the field K. Therefore, the group G coincides with the 
group of all automorphisms of the field P over the field K. 
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1.7.2 Galois Groups 


We now proceed with Galois groups, which are central objects in Galois theory. The 
Galois group of a Galois extension P of the field K (or just the Galois group of P 
over K) is defined as the group of all automorphisms of the field P over the field K. 
The Galois group of a separable algebraic equation over the field K is defined as 
the Galois group of the Galois extension P of K obtained by adjoining all roots of 
this algebraic equation to the field K. 

Suppose that the field P is obtained by adjoining to K all roots of the equation 


a9 + ax +++: +anx" =0 (1.4) 


over the field K. Every element o from the Galois group of P over K permutes the 
roots of Eq. (1.4). Indeed, acting by o on both parts of Eq. (1.4) yields 


o (ao + ax + +++ + anx") =ag+ajo(x)+-:-+ay ((x))" =0. 


Thus, the Galois group of the field P over the field K admits a representation in 
the permutation group of the roots of Eq. (1.4). This representation is faithful: if an 
automorphism fixes all the roots of Eq. (1.4), then it fixes all elements of the field P 
and hence is trivial. 


Definition 1.7.4 A relation between the roots of Eq. (1.4) over the field K is de- 
fined as any polynomial Q belonging to the ring K[x1,..., χη] that vanishes at the 
point Ge, or 4), where a 335 χῦ is the collection of all roots of Eq. (1.4). 


Proposition 1.7.5 | Every automorphism of the Galois group preserves all relations 
over the field K between the roots of Eq. (1.4). Conversely, every permutation of 
the roots preserving all relations between the roots over the field K extends to an 
automorphism of the Galois group. 


Thus the Galois group of the field P over the field K can be identified with the 
group of all permutations of the roots of Eq. (1.4) that preserve all relations between 
the roots defined over the field K. 


Proof 1ἴ a permutation o € S(n) corresponds to an element of the Galois group, 
then the polynomial o Q obtained from a relation Q by permuting the variables 
X1,...,X, according to o also vanishes at the point ae ae χϑ). Conversely, sup- 
pose that a permutation o preserves all relations between the roots over the field K. 
Extend the permutation o to an automorphism of the field P over the field K. Every 
element of the field P is the value of some polynomial 01 belonging to the ring 
K[x1,...,Xn] at the point Ge eee ao): It is natural to define the value of the au- 
tomorphism o at this element as the value of the polynomial o Q; obtained from 
Οἱ by permuting the variables according to o at the point (αὐ, ΤῊ a ). We need to 
verify that the automorphism o is well defined. Let Q2 be a different polynomial 
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from the ring K[x1,...,X,] whose value at the point Ga aid ΧΡ) coincides with the 


value of Q, at this point. But then the polynomial Q; — Ο is a relation between 


the roots over the field K. Therefore, the polynomial σ ΟἹ — σ Q2 must also vanish 


at the point as ..., x9), but this means exactly that the automorphism o is well 


an 
defined. 


1.7.3 The Fundamental Theorem 


Suppose that the field P is a Galois extension of a field K. Galois theory describes 
all intermediate fields, i.e., all fields lying in the field P and containing the field K. 
To every subgroup J of the Galois group of the field P over the field K we assign 
the subfield P; consisting of all elements of P that are fixed under the action of J. 
This correspondence is called the Galois correspondence. 


Theorem 1.7.6 (The fundamental theorem of Galois theory) The Galois corre- 
spondence of a Galois extension is a one-to-one correspondence between all sub- 
groups in the Galois group and all intermediate fields. 


Proof Firstly, by Theorem 1.2.4, distinct subgroups in the Galois group have distinct 
invariant subfields. Secondly, if a field P is a Galois extension of the field K, then 
it is also a Galois extension of every intermediate field. This is obvious if we use 
Definition 1.7.1 of a Galois extension. From Definition 1.7.2 of a Galois extension, 
it can be seen that every intermediate field is the invariant subfield for some group 
of automorphisms of the field P over the field K. The theorem is proved. 


1.7.4 Properties of the Galois Correspondence 


We now discuss the simplest properties of the Galois correspondence. 


Proposition 1.7.7 An intermediate field is a Galois extension of the coefficient field 
if and only if under the Galois correspondence, this field maps to a normal subgroup 
of the Galois group. The Galois group of an intermediate Galois extension over the 
coefficient field is isomorphic to the quotient of the Galois group of the initial exten- 
sion by the normal subgroup corresponding to the intermediate Galois extension. 


Proof Let H be a normal subgroup of the Galois G, and Ly an intermediate field 
corresponding to the subgroup H. The field ἢ gets mapped to itself under the au- 
tomorphisms from the group G, since the fixed-point set of a normal subgroup is 
invariant under the action of the group (Proposition 1.1.4). The group of automor- 
phisms of the field Ly induced by the action of the group G is isomorphic to the 
quotient group G/H. The invariant subfield of this induced group of automorphisms 
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of Ly coincides with the field K. Thus if H is a normal subgroup of the group G, 
then L 15 a Galois extension of the field Καὶ with Galois group G/H. 

Let Κι be an intermediate Galois extension of the field K. The field Κι is ob- 
tained from the field K by adjoining all roots of some algebraic equation over K. 
Every automorphism of the Galois group G can only permute the roots of this equa- 
tion, and hence maps the field K, to itself. Suppose that the field K; corresponds 
to a subgroup H, 1.6.,ὄ Κι = Ly. An element g of the group G takes the field Ly 
to the field L gHe-!- Thus, if an intermediate Galois extension K, corresponds to a 
subgroup H, then for every element g € G we have H = gHg™!. In other words, 
the subgroup H is a normal subgroup of the Galois group G. 


Proposition 1.7.8 The smallest algebraic extension of a field K containing two 
given Galois extensions of the field K is a Galois extension of the field K . 


Proof The smallest field P containing both Galois extensions can be constructed 
in the following way. Suppose that the first field is obtained from the field K by 
adjoining all roots of a separable polynomial Ο1, and the second field by adjoining 
all roots of a separable polynomial Q2. The polynomial Q = Q; Q2/L, where L 
is the greatest common divisor of Q; and 02, does not have multiple roots. The 
field P can be obtained by adjoining all roots of the separable polynomial Q to the 
field K and therefore is a Galois extension of the field K. 


Proposition 1.7.9 The intersection of two Galois extensions is a Galois extension. 
The Galois group of the intersection is isomorphic to a quotient group of the Galois 
group of each initial Galois extension. 


Proof Let P be the smallest field containing both Galois extensions. As we have 
proved, P is a Galois extension of the field K. The Galois group G of the field P 
over the field K preserves the first as well as the second extension of K. We con- 
clude that the intersection of the two Galois extensions is also mapped to itself under 
the action of the group G. Therefore, by Proposition 1.7.7, the intersection of two 
Galois extensions is also a Galois extension. From the same proposition it follows 
that the Galois group of the intersection is a quotient group of the Galois group of 
each initial Galois extension. 


1.7.5 Change of the Coefficient Field 


Let 
do tayx +-+-+anx" =0 (1.5) 


be a separable algebraic equation over the field K, and P a Galois extension of 
the field K obtained from K by adjoining all roots of Eq. (1.5). Consider a bigger 
field K > K and its Galois extension P obtained from the field K by adjoining 
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all roots of Eq. (1.5). What is the relation between the Galois group of P and the 
Galois group G of P over Καὶ In other words, what happens with the Galois group 
of Eq. (1.5) if we change the base field (i.e., pass from the field K to the field K)? 

Generally speaking, as the coefficient field gets bigger, the Galois group of the 
same equation gets smaller, i.e., gets replaced with some subgroup. Indeed, there 
may be more relations between the roots of (1.5) over the bigger field. We now give 
a more precise statement. 

Denote by Κι the intersection of the fields P and K. The field K 1 includes the 
field K and lies in the field P, 1.6., we have K C Κι C P. By the fundamental 
theorem of Galois theory, the field K; corresponds to a subgroup G of the Galois 
group G. 


Theorem 1.7.10 The Galois group G of the field P over the field K is isomorphic 
to the subgroup G, in the Galois group G of the field P over the field K. 


Proof The Galois group G fixes all elements of the field K (since K C K) and 
permutes the roots of Eq. (1.5). Hence the field P is mapped to itself under all 
automorphisms from the group G. The fixed-point set of the induced group of au- 
tomorphisms of the field P consists precisely of all elements in the field P that 
lie in the field K , Le., of all elements of the field K} = P/N K. Therefore, the in- 
duced group of automorphisms of the field P coincides with the subgroup G; of 
the Galois group G. It remains to show that the homomorphism of the group G into 
the group G; described above has trivial kernel. Indeed, the kernel of this homo- 
morphism fixes all roots of Eq. (1.5), i.e., contains only the identity element of the 
group G. The theorem is proved. 


Suppose now that under the assumptions of the preceding theorem, the field K is 
itself a Galois extension of the field K with a Galois group I. By Proposition 1.7.8, 
the field Ky is also a Galois extension of the field K in this case. Let I denote the 
Galois group of the extension K of the field K. 


Theorem 1.7.11 (On how the Galois group changes under a change of the coef- 
ficient field) As the coefficient field gets replaced with its Galois extension, the 
Galois group G of the initial equation gets replaced with its normal subgroup ΟἹ. 
The quotient group G/G, of the group G by this normal subgroup is isomorphic 
to a quotient group of the Galois group of the new coefficient field K over the old 
coefficient field K . 


Proof Indeed, the group G; corresponds to the field PN K, which is a Galois ex- 
tension of the field K. Hence the group G, is a normal subgroup of the group G, 
and its quotient group G/G, is isomorphic to the Galois group of the field K; over 
the field K. But the Galois group of the field K, over the field K is isomorphic to 
the quotient group ΓΛ ΓΙ. The theorem is proved. 
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1.8 A Criterion for Solvability of Equations by Radicals 


In Sects. 1.8-1.10, we will be dealing with the question of solvability of algebraic 
equations over a field K. For simplicity, we shall always assume that K has char- 
acteristic zero. An algebraic equation over a field K is said to be solvable by radi- 
cals if there exists a chain of extensions Καὶ = Kp C Kj C--- C Κ in which every 
field K εἰ is obtained from the field K;, 7 =0,..., — 1, by adjoining some radi- 
cal, and the field Κι, contains all roots of this algebraic equation. Is a given algebraic 
equation solvable by radicals? Galois theory was created to answer this question. 

In Sect. 1.8.1, we consider the group of all nth roots of unity that lie in a given 
field Κ΄. In Sect. 1.8.2, we consider the Galois group of the equation x” =a. In 
Sect. 1.8.3, we give a criterion for solvability of an algebraic equation by radicals 
(in terms of the Galois group of this equation). 


1.8.1 Roots of Unity 


Let K be a field. Let K% denote the multiplicative group of all roots of unity lying 
in the field (i.e., a ε ΚΕ if and only if a € K, and for some positive integer n, we 
have a” = 1). 


Proposition 1.8.1 /f there is a subgroup of the group K7 consisting of exactly | 
elements, then the equation x! =1 has exactly | solutions in the field K, and the 
subgroup under consideration is formed by all these solutions. 


Proof Every element in a group of order / satisfies the equation x! = 1. The field 
contains no more than / roots of this equation, and the subgroup has exactly / ele- 
ments by our assumption. 


From Proposition 1.8.1, it follows, in particular, that the group Kj, has at most 
one cyclic subgroup of any given finite order. 


Proposition 1.8.2 A finite Abelian group that has at most one cyclic subgroup of 
any given finite order is cyclic. In particular, every finite subgroup of the group ΚῈ 
is cyclic. 


Proof From the classification theorem for finite Abelian groups it follows that an 
Abelian group satisfying the assumptions of the proposition is determined by the 
number m of its elements up to isomorphism: if m = pi tee pi is a prime decompo- 
sition of m, then G = (Z/pi'Z) Xr: Χ (Z/ pk Z). Therefore (see Proposition 1.8.1) 
the groups of roots of unity with the given number m of elements are isomorphic to 
each other. But in the field of complex numbers, any group of order m consisting of 
roots of unity is obviously cyclic. 


A cyclic group with m elements identifies with the group of residues modulo m. 
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Proposition 1.8.3 The full automorphism group of the group Z/mZ is isomorphic 
to the multiplicative group of all invertible elements in the ring of residues mod- 
ulo m. In particular, this automorphism group is Abelian. 


Proof An automorphism F of the group Z/mZ is uniquely determined by the el- 
ement F(1), which must obviously be invertible in the multiplicative group of the 
ring of residues. This automorphism coincides with the multiplication by F(1). 


Proposition 1.8.4 Suppose that a Galois extension P of a field K is obtained from 
the field K by adjoining some roots of unity. Then the Galois group of the field P 
over the field K is Abelian. 


Proof All roots of unity that lie in the field P form a cyclic group with respect to 
multiplication. A transformation in the Galois group defines an automorphism of 
this group and is uniquely determined by this automorphism, i.e., the Galois group 
embeds into the full automorphism group of a cyclic group. Proposition 1.8.4 now 
follows from Proposition 1.8.3. 


1.8.2 The Equation x" =a 


Proposition 1.8.5 Suppose that a field K contains all nth roots of unity. Then the 
Galois group of the equation x" — a= 0 over the field Καὶ is a subgroup of the cyclic 
group with n elements, provided thatO Aae K. 


Proof The group of all nth roots of unity is cyclic (see Proposition 1.8.2). Let & 
be any generator of this group. Fix any root xo of the equation x” — a = 0. Then 
we can number all roots of the equation x” — a = 0 with residues i modulo n by 
setting x; to be ξῖχρ. Suppose that a transformation g from the Galois group takes 
the root xo to the root x;. Then g(x) = g(E*xo) ἘΞ Ektixg = xXx4; (recall that by 
our assumption, € € K, whence g(&) = &), i.e., every transformation of the Galois 
group defines a cyclic permutation of the roots. Therefore, the Galois group embeds 
into the cyclic group with n elements. 


Lemma 1.8.6 The Galois group G of the equation x" — a =0 over the field K, 
where 0 £a € K, has an Abelian normal subgroup G, such that the corresponding 
quotient G/ Gy, is Abelian. In particular, the group G is solvable. 


Proof Let P be an extension of the field K obtained by adjoining to this field all 
roots of the equation x” = a. The ratio of any two roots of the equation x” =a is 
an nth root of unity. This implies that the field P contains all nth roots of unity. 
Let Κι denote the extension of the field K obtained by adjoining all nth roots of 
unity. We have the inclusions Καὶ C Κι C P. Denote by G; the Galois group of the 
equation x” = a over the field Κι. By Proposition 1.8.5, the group K, is Abelian. 
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The group G; is a normal subgroup of the group G, since the field K, is a Galois 
extension of the field K. The quotient group G/G is Abelian, since by Proposi- 
tion 1.8.4, the Galois group of the field K over the field K is Abelian. 


1.8.3 Solvability by Radicals 


The following theorem states a criterion for solvability of algebraic equations by 
radicals. 


Theorem 1.8.7 (A criterion for solvability of equations by radicals) An algebraic 
equation in one variable over a field K of characteristic zero is solvable by radicals 
if and only if its Galois group is solvable. 


Proof Suppose that an equation can be solved by radicals. Solvability of the equa- 
tion by radicals over a field K means the existence of a chain of extensions 
K=KoC ki C:--C Ky in which every field Kj+1 is obtained from the field K;, 
j=0,1,...,n—1, by adjoining all roots of x” — a, and the field Κι contains all the 
roots of the initial equation. Let G; denote the Galois group of our equation over 
the field K;. Let us see what happens with the Galois group when we pass from 
the field K; to the field Καὶ εἰ. According to Theorem 1.7.10, the group Gj+1 is a 
normal subgroup of the group G;. Moreover, the quotient G;/Gj+1 is simultane- 
ously a quotient of the Galois group of the field Καὶ εἰ over the field K;. Since the 
field Καὶ ει is obtained from the field Κι; by adjoining roots of x” — a, we conclude 
by Lemma 1.8.6 that the Galois group of the field K εἰ over the field Καὶ; is solvable. 
(When the field K contains all roots of unity, the Galois group of the field K 41 over 
the field K; is Abelian.) Since all roots of the algebraic equation lie in the field Ky, 
by our assumption, the Galois group G,, of the algebraic equation over the field Ky, 
is trivial. 

Thus, if the equation can be solved by radicals, then its Galois group admits 
a chain of subgroups G = Go D σ᾽ D --- D Gy in which every group Gj+ is 
a normal subgroup of the group G; with a solvable quotient G;/Gj+1, and the 
group G,, is trivial. (If the field K contains all roots of unity, then the quotients 
Gj; /Gj4+1 are Abelian.) Thus, if the equation is solvable by radicals, then its Galois 
group is solvable. 

Suppose now that the Galois group G of an algebraic equation over the field K 
is solvable. Denote by K the field obtained from the field K by adjoining all roots 
of unity. The Galois group G of the algebraic equation over the bigger field K is a 
subgroup of the Galois group G. Hence the Galois group G is solvable. Denote by 
P the field obtained from the field K by adjoining all roots of the algebraic equa- 
tion. The solvable group G acts by automorphisms of the field P with the invariant 
subfield K. By Theorem 1.1.3, every element of the field P is expressible by radi- 
cals through the elements of the field K. By definition of the field K, every element 
of this field is expressible through the roots of unity and the elements of the field K. 
The theorem is proved. 
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We say that an algebraic equation is solvable by k-radicals if there exists a chain of 
extensions K = Kg C Kj C--: C Ky, in which for every j, 0 < j <n, either the 
field Kj+41 is obtained from the field K; by adjoining a radical, or the field K j+1 
is obtained from the field K; by adjoining a solution of an equation of degree at 
most k, and the field K, contains all roots of the initial equation. Is a given alge- 
braic equation solvable by k-radicals? In this section, we answer this question. In 
Sect. 1.9.1, we discuss the properties of k-solvable groups. In Sect. 1.9.2, we prove 
a criterion for solvability by k-radicals. 
Let us start with the following simple statement. 


Proposition 1.9.1 The Galois group of an equation of degree m < k is isomorphic 
to a subgroup of the group S(k). 


Proof Every element of the Galois group permutes the roots of the equation, and is 
uniquely determined by the permutation of the roots thus obtained. Hence the Galois 
group of a degree-m equation is isomorphic to a subgroup of the group S(m). For 
m <k, the group S(m) is a subgroup of the group S(k). 


1.9.1 Properties of k-Solvable Groups 


In this subsection, we show that k-solvable groups (see Sect. 1.4) have properties 
similar to those of solvable groups. We start with Lemma 1.9.2, which characterizes 
subgroups in the group S(k). 


Lemma 1.9.2 A group is isomorphic to a subgroup of the group S(k) if and only if 
it has a collection of m subgroups, m < k, such that 


1. the intersection of these subgroups contains no nontrivial normal subgroups of 
the entire group; 
2. the sum of indices of these subgroups does not exceed k. 


Proof Suppose that G is a subgroup of the group S(k). Consider a representation of 
the group G as a subgroup of permutations of a set M with k elements. Suppose that 
under the action of the group G, the set M splits into m orbits. Choose a single point 
x; in every orbit. The collection of stabilizers of points x; satisfies the conditions of 
the lemma. 

Conversely, let a group G have a collection of subgroups G1,..., Gj, satisfy- 
ing the conditions of the lemma. Denote by P the union of the sets P;, where 
P; = G/G; consists of all right cosets with respect to the subgroup G;, 1 <i <n. 
The group G acts naturally on the set P. The representation of the group G in the 
group S(P) of all permutations of P is faithful, since the kernel of this represen- 
tation lies in the intersection of the groups G;. The group S(P) embeds into the 
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group S(k), since the number of elements in the set P is the sum of the indices of 
the subgroups G;. 


Corollary 1.9.3 Every quotient group of the symmetric group S(k) is isomorphic 
to a subgroup of S(k). 


Proof Suppose that a group G is isomorphic to a subgroup of the group S(k), and G; 
are subgroups in G satisfying the conditions of Lemma 1.9.2. Let π᾿ be an arbitrary 
homomorphism of the group G (onto some other group). Then the collection of the 
subgroups z(G;) in the group 7(G) also satisfies the conditions of the lemma. 


We say that a normal subgroup Π of a group G is of depth at most k if the 
group G has a subgroup Go of index at most k such that H is the intersection of all 
subgroups conjugate to Go. We say that a group is of depth at most k if its identity 
subgroup is of depth at most k. 

A normal tower of a group G is a nested chain of subgroups G = Gp 9 --- D 
G,, = {e} in which each group is a normal subgroup of the preceding group. 


Corollary 1.9.4 [fa group G is a normal subgroup of the group S(k), then the 
group G has a nested chain of subgroups G = Gg D --- D Gy = {e} in which the 
group Gy is trivial, and for every i =0,1,...,n — 1, the group Gj+, is a normal 
subgroup of the group ΟἹ of depth at most k. 


Proof Let G; be a collection of subgroups in the group G satisfying the conditions 
of Lemma 1.9.2. Denote by F; the normal subgroup of the group G obtained as the 
intersection of all subgroups conjugate to the subgroup G;. The chain of subgroups 
[0 ΞΞ Ὁ, ΠῚ =FoN Fi,..., ln = FoN FL Ο --- Fy satisfies the conditions of the 
corollary. 


Lemma 1.9.5 A group G is k-solvable if and only if it admits a normal tower 
of subgroups G = Go  --- D Gn = {e} in which for every i, 0 <i <n, either the 
normal subgroup Οἱ has depth at most k in the group Gj_, or the quotient Gj_,/G; 
is Abelian. 


Proof 


1. Suppose that the group G admits a normal tower G = Go 3 --- D Gy = {e} 
satisfying the conditions of the lemma. If, for some i, the normal subgroup G; 
has depth at most k in the group G;_1, then the group G;_;/G; has a chain of 
subgroups Gj_1/G; = Ig C--- D [ἢ = {e}, in which the index of every next 
group of the preceding group does not exceed k. For every such number i, we 
can insert the chain of subgroups Gj-; = [0,1 D --- D [104 between G;_; and 
G;, where z is the canonical projection to the quotient group. We thus obtain a 
chain of subgroups satisfying the definition of a k-solvable group. 
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2. Suppose that a group G is k-solvable, and G = Go D G} D--- D Gy = {e} is 
a chain of subgroups satisfying the assumptions listed in the definition of a k- 
solvable group. We will successively replace subgroups in the chain with smaller 
subgroups. Let i be the first number for which the group G; is not a normal 
subgroup of the group G;_; but rather a subgroup of index < k. In this case, 
the group G;_; has a normal subgroup H lying in the group G; and such that 
the group G;_;/H is isomorphic to a subgroup of S(k). Indeed, for H, we can 
take the intersection of all subgroups in G;_; conjugate to the group G;. We can 
now modify the chain G = Go D Gj 3 - -- D Gy = {e} in the following way: all 
subgroups labeled by numbers less than i remain the same. Every group G; with 
i <j gets replaced with the group G; 1 H. Apply the same procedure to the 
chain of subgroups thus obtained, and so on. Finally, we obtain a normal tower 
of subgroups satisfying the conditions of the lemma. 


Theorem 1.9.6 


1. Every subgroup and every quotient group of a k-solvable group are k-solvable. 
2. If a group has a k-solvable normal subgroup such that the corresponding quo- 
tient group is k-solvable, then the group is also k-solvable. 


Proof The only nonobvious statement of this theorem is that about a quotient group. 
It follows easily from Lemma 1.9.5. 


1.9.2 Solvability by k-Radicals 


The following theorem gives a criterion for solvability by k-radicals: 


Theorem 1.9.7 (A criterion for solvability of equations by k-radicals) An algebraic 
equation over a field K of characteristic zero is solvable by k-radicals if and only if 
its Galois group is k-solvable. 


Proof 


1. Suppose that the equation can be solved by k-radicals. We need to prove that the 
Galois group of the equation is k-solvable. This is proved in exactly the same 
way as the solvability of the Galois group of an equation solvable by radicals. 

Let K = Ko C Ki C-:-C K,, be a chain of fields that arises in the solution 
of the equation by k-radicals, and Gp D --- D G, the chain of Galois groups 
of the equation over these fields. By the assumption, the field K, contains all 
roots of the equation, and therefore, the group G,, is trivial and, in particular, is 
k-solvable. Suppose that the group G;+1 is k-solvable. We need to prove that the 
group G; is also k-solvable. 

If the field K;+1 is obtained from the field K; by adjoining a radical, then the 
Galois group of the field K;+1 over the field K; is solvable, hence k-solvable. If 
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the field Kj is obtained from the field K; by adjoining all roots of an algebraic 
equation of degree at most k, then the Galois group of the field K;+1 over the 
field K; is a subgroup of the group S(k) (see Proposition 1.9.1), hence is k- 
solvable. 

By Theorem 1.1.3, the group G;+1 is a normal subgroup of the group G;; 
moreover, the quotient group G; /G;+, is simultaneously a quotient group of the 
Galois group of the field K;+1 over the field K;. The group G;+1 is solvable by 
the induction hypothesis. The Galois group of the field Κρ ει over the field K; is 
k-solvable, as we have just proved. Using Theorem 1.9.6, we conclude that the 
group G; is k-solvable. 

2. Suppose that the Galois group G of an algebraic equation over the field K is 
k-solvable. Let K denote the field obtained from the field K by adjoining all 
roots of unity. The Galois group G of the same equation over the bigger field K 
is a subgroup of the group G. Therefore, the Galois group G is k-solvable. Let 
P denote the field obtained from the field K by adjoining all roots of the given 
algebraic equation. The group G acts by automorphisms on P with the invariant 
subfield K. By Theorem 1.1.3, every element of the field P can be expressed 
through the elements of the field K by taking radicals, performing arithmetic 
operations, and solving algebraic equations of degree at most k. By definition of 
the field K, every element of this field is expressible through the elements of the 
field K and roots of unity. The theorem is proved. 


1.9.3 Unsolvability of a Generic Degree-(k + 1 > 4) Equation 
in k-Radicals 


Let K be a field. A generic algebraic equation of degree k with coefficients in the 
field K is an equation 


ag ee ees (1.6) 


whose coefficients are sufficiently general elements of the field K. Do there exist 
formulas ἘΟΠΙΣΙΠΙΝΒ radicals (k-radicals) and variables a), ..., ag that give solutions 
of an anes rae ax wanes ay = 0 as one substitutes the particular elements 
a’, Sines ay of the field K for the variables? 

This question can be formalized in the following way. A generic algebraic equa- 
tion can be viewed as an equation over the field K{a),...,ax} of rational func- 
tions in k independent variables aj,...,a, with coefficients in the field K (in 
this interpretation, the coefficients of Eq. (1.6) are the elements a,..., az of the 
field K {a1,...,ax}). We can now ask the question on solvability of Eq. (1.6) over 
the field K{a1,..., ax} by radicals (or by k-radicals). 

Let us compute the Galois group of Eq. (1.6) over the field K (αι, ..., ax}. Con- 
sider yet another copy of the field K{a1,..., ax} of rational functions in k vari- 
ables equipped with the group S(k) of automorphisms acting by permutations of the 
variables x1,...,xx. The invariant subfield Ks{a1,...,ax} consists of symmetric 
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rational functions. By the fundamental theorem of symmetric functions, this field 
is isomorphic to the field of rational functions of the variables oj = x1 +--- + 
Xk, +++;O0n =X1-+++xXx. Therefore the map F(a,) = —o1,..., F(an) = (—1)" oy ex- 
tends to an isomorphism F': K {aj,...,ax} > Ks{x1,..., xz}. Let us identify the 
fields K{aj,...,a,} and Kg{x,,...,x,} by the isomorphism F. From the com- 
parison of Viéte’s formulas with the formulas defining the map F, it becomes 
clear that under this identification, the variables become the roots of Eq. (1.6), the 
field K{x1,...,x} becomes the extension of the field K{a),..., ag} by adjoining 
all roots of Eq. (1.6), and the automorphism group S(k) becomes the Galois group 
of Eq. (1.6). Thus we have proved the following statement: 


Proposition 1.9.8 The Galois group of Eq. (1.6) over the field K {a,,..., ax} is 
isomorphic to the permutation group S(k). 


Theorem 1.9.9 A generic algebraic equation of degree k + 1 > 4 is not solvable 
by radicals and by solving auxiliary algebraic equations of degree k or less. 


Proof The group S(k + 1) has the following normal tower of subgroups: {e} C 
A(k + 1) Cc S(k+ 1), where A(k + 1) is the alternating group. For k + 1 > 4, the 
group A(k + 1) is simple. The group A(k + 1) is not a subgroup of the group S(k), 
since the group A(k + 1) has more elements than the group S(k). Thus for k + 1 > 
4, the group S(k + 1) is not k-solvable. To conclude the proof, it remains to use 
Theorem 1.9.7. 


As a corollary, we obtain the following theorem. 


Theorem 1.9.10 (Abel) A generic algebraic equation of degree 5 or greater is not 
solvable by radicals. 


Remark 1.9.11 Abel had proved his theorem by a different method even before Ga- 
lois theory appeared. His approach was later developed by Liouville. Liouville’s 
method allows, for example, to prove that many elementary integrals cannot be com- 
puted by elementary functions. 

Arnold proved topologically that a general algebraic equation of degree greater 
than 4 over the field of rational functions of one complex variable is not solvable 
by radicals [Alekseev 04]. I constructed a topological variant of Galois theory that 
allows one to prove that a general algebraic equation of degree k > 4 over the field 
of rational functions of several complex variables cannot be solved using all ele- 
mentary and meromorphic functions of several variables, composition, arithmetic 
operations, integration, and solutions of algebraic equations of degree less than k. 
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1.10 Unsolvability of Complicated Equations by Solving Simpler 
Equations 


Is it possible to solve a given complicated algebraic equation using the solutions of 
other, simpler, algebraic equations as admissible operations? We have considered 
two well-posed questions of this kind: the question of solvability of equations by 
radicals (in which the simpler equations are those of the form x” — a = 0) and the 
question of solvability of equations by k-radicals (in which the simpler equations 
are those of the form x” — a = 0 and all algebraic equations of degree k or less). In 
this section, we consider the general question of solvability of complicated equation 
by solving simpler equations. In Sect. 1.10.1, we set up the problem of B-solvability 
of equations and discuss a necessary condition for the solvability. In Sect. 1.10.2, we 
discuss classes of groups connected to the problem of B-solvability of equations. 


1.10.1 A Necessary Condition for Solvability 


Let B be a collection of algebraic equations. An algebraic equation defined over a 
field K is automatically defined over any bigger field Κι, K C Κι. We will assume 
that the collection B of algebraic equations, together with any equation defined over 
a field K, contains the same equation considered as an equation over any bigger 
field Kj D K. 


Definition 1.10.1 An algebraic equation over a field K is said to be solvable by 
solving equations from the collection B, or B-solvable for short, if there exists a 
chain of fields Καὶ = Ko C Kj C--- C Ky such that all roots of the equation belong 
to the field K,, and for every i =0,...,n — 1, the field K;+, is obtained from the 
field K; by adjoining all roots of some algebraic equation from the collection B 
defined over the field K;. 


Is a given algebraic equation B-solvable? Galois theory provides a necessary 
condition for B-solvability of equations. In this subsection, we discuss this condi- 
tion. To the collection B of equations, we assign the set G(B) of Galois groups of 
these equations. 


Proposition 1.10.2 The set G(B) contains, together with any finite group, all sub- 
groups of it. 


Proof Suppose that some equation defined over the field K belongs to the collec- 
tion B. Let P be the field obtained from K by adjoining all roots of this equation, G 
the Galois group of the field P over the field K, and σ᾽ C G any subgroup. Let K 
denote the intermediate field corresponding to the subgroup G;. The Galois group 
of our equation over the field Κι coincides with G;. By our assumption, the col- 
lection B, together with any equation defined over the field K, contains the same 
equation defined over the bigger field Κι. 
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Theorem 1.10.3 (A necessary condition for B-solvability) If an algebraic equa- 
tion over a field K is B-solvable, then its Galois group G admits a normal tower 
G=GpoD σ1--- D G; = {e} of subgroups in which every quotient G;/Gi+1 is a 
quotient of some group from B(G). 


Proof Indeed, the B-solvability of an equation over the field K means the existence 
of a chain of extensions K = Ko C Kj C--- C Ky in which the field K;+, is ob- 
tained from the field K; by adjoining all roots of some equation from B, and the 
last field Κι, contains all roots of the initial algebraic equation. Lett G= Go D---D 
Gy = {e} be the chain of Galois groups of this equation over this chain of subfields. 
We will show that the chain of subgroups thus obtained satisfies the requirements of 
the theorem. Indeed, by Theorem 1.7.10, the group G;+; is a normal subgroup of 
the group G;; moreover, the quotient group G;/G;+ is simultaneously a quotient 
of the Galois group of the field Kj+, over the field K;. Since the field Kj+1 is ob- 
tained from the field K; by adjoining all roots of some equation from B, the Galois 
group of the field K;+1 over the field K; belongs to the set G(B). 


1.10.2 Classes of Finite Groups 


Let M be a set of finite groups. 


Definition 1.10.4 Define the completion % (M) of the set M as the minimal class 
of finite groups containing all groups from M and satisfying the following proper- 
ties: 


1. together with any group, the class .~(M) contains all subgroups of it; 

2. together with any group, the class .4 (M) contains all quotients of it; 

3. if a group G has a normal subgroup H such that the groups H and G/H are in 
the class .%(M), then the group G is in the class “#(M). 


The theorem proved above suggests the following problem: for a given set M of 
finite groups, describe its completion .4%(M). Recall the Jordan—Holder theorem. 
A normal tower G = Go  --- D Gy, = {e} of a group G is said to be unrefinable 
(or maximal) if all quotient groups G;/G;+1 with respect to this tower are simple 
groups. The Jordan—Holder theorem asserts that for every finite group G, the set of 
quotient groups with respect to any unrefinable normal tower of the group G does 
not depend on the choice of an unrefinable tower (and hence is an invariant of the 


group). 


Proposition 1.10.5 A group G belongs to the class # (M) if and only if every 
quotient group G; /Gj+1 with respect to an unrefinable normal tower of the group G 
is a quotient group of a subgroup of a group from M. 


1.11 Finite Fields 37 


Proof Firstly, by definition of the class %(M), every group G satisfying the as- 
sumptions of the proposition belongs to the class %~ (M). Secondly, it is not hard to 
verify that groups G satisfying the assumptions of the proposition have properties 
1-3 from the definition of the completion of M. 


Corollary 1.10.6 


1. The completion of the class of all finite Abelian groups is the class of all finite 
solvable groups. 

2. The completion of the set of groups consisting of all Abelian groups and the 
group S(k) is the class of all finite k-solvable groups. 


Remark 1.10.7 Necessary conditions for solvability of algebraic equations by radi- 
cals and by k-radicals are particular cases of Theorem 1.10.3. 


1.11 Finite Fields 


While proving some theorems of Galois theory we assumed that the field of coef- 
ficients is infinite (this was essential in Proposition 1.2.1, which was used in many 
constructions). Here we establish Galois theory for finite fields (for such fields it 
has an especially simple and complete form). This subsection is practically inde- 
pendent of the others and uses only properties of the group of roots of unity that 
lie in a given field (Proposition 1.8.2) and algebraicity of elements over the field of 
invariants under the action of a finite automorphism group (Theorem 1.3.3, part 2). 

Every field P is a vector space over a subfield K of P. Every finite field P is a 
finite-dimensional vector space over a subfield K. 


Lemma 1.11.1 Let k be the dimension of a finite field P over a subfield K, and q 
the number of elements in K. Then the field P contains q* elements. 


Proof Every element a of the field P can be uniquely represented in the form λ1 61 + 
--»+Azexr, where e1,..., e% is a basis in P over K, and dAq,...,Ap EK. 


Corollary 1.11.2 


1. Let the characteristic of a finite field P be equal to p. Then the field P has p* 
elements, where k is a positive integer. 

2. Let K be a subfield of the field P having p* elements. Then the number of ele- 
ments in the field K is equal to p™ , where m is a divisor of the number k, k = ml, 
leZ. 


Proof The additive subgroup of the field P spanned by the unit element is a sub- 
field isomorphic to the field Z/pZ, where p is the characteristic of the field P. 
By Lemma 1.11.1 the field P contains p* elements. In the same way, the sub- 
field Καὶ C P contains p” elements (here k and m are dimensions of the spaces 
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P and K over the field Z/pZ). By Lemma 1.11.1, the number p* is a power of p”. 
Hence, m is a divisor of k. 


Lemma 1.11.3 Let a finite field P contain q elements. Then every nonzero element 
a of the field P. satisfies the equation al~! = 1. For every element a of the field P 
the identity a1 = a holds. The multiplicative group P* of the field P is a cyclic 
group of order (q — 1). 


Proof The multiplicative group P* C P of nonzero elements of the field P has 
order q — 1. The order of the group is divisible by the order of any of its elements. 
This implies the relation a7~! = 1. Multiplying this relation by a, we get the identity 
a? =a, which also holds for the zero element. Every finite subgroup of roots of 
unity in any field is a cyclic subgroup (Proposition 1.8.2). Therefore, the group P* 
is cyclic. 


The Frobenius homomorphism F : P — P of the field P of characteristic p is the 
homomorphism such that F(a) = a?. For finite fields, the Frobenius homomorphism 
is an automorphism. Indeed, F (a) = 0 if and only if a = 0, and a map F of a finite 
set into itself such that F(a) 4 F(b) for a ¥ b is bijective. 


Theorem 1.11.4 For a prime number p and a positive integer k there exists a 
unique finite field P containing p* elements. The Frobenius automorphism gener- 
ates the cyclic group G = {F, F”,..., ἘΞ = 1d} of automorphisms of the field P. 
For every divisor m of the number k: 


1. there exists a unique subgroup G», C G of order k/m generated by the automor- 
phism ΕΠ. 

2. there exists a unique subfield Κι, C P containing p™ elements and consisting of 
the invariants of the group Gin. 


There are no other subfields of the field P and no other subgroups of the group G. 


Proof As we have shown above, the field containing p* elements must contain the 
field Z/pZ and all roots of the equation xP* — x =0 over this field. Consider the 
field P obtained by adjoining all roots of the equation χρῇ. x =O to the field Z /pZ 
(1.e., P is the splitting field of the polynomial xP* — x over the field 7 /pZ). The 
field P has characteristic p. The set of elements of the field that are invariant under 
the action of the kth power of the Frobenius automorphism F is a field. The ele- 
ments of the field invariant under the action of F* are roots of the equation xP = x, 
Hence, all roots of the equation xP* — x over the field Z/pZ form a subfield of P. 
By definition of P, this field coincides with the field P. It follows that there ex- 
ists a unique field of p* elements; this is the field P (i.e., the splitting field of the 
polynomial xP* — x over the field Z /pZ). 

By Corollary 1.11.2, a subfield K of the field P must contain g = p” elements, 
where p* = q! and | is a positive integer. Let us show that there exists a unique 
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subfield with this number of elements. Let a denote a generator of the group P*. 
The generator a of the group P* has order α' — 1. The number q! — | is divisible by 
q — 1. Indeed, g! — 1 = (q — 1)n, where n = q!' +--- +1. Put b=a”". The element 
b has order g — 1. The elements 1, b,..., ρ4- 2, and 0 are the roots of the equation 
x? = x, 1.e., they form the field of invariants of the automorphism F” (and of the 
group of automorphisms generated by F’”’). These elements form a subfield Καὶ C 
P containing q elements. Conversely, the elements of any subfield containing q 
elements must be precisely all roots of the equation x7 = x. Theorem 1.11.4 is 
proved. 


Let us list all automorphisms of a finite field P. 


Theorem 1.11.5 Under the hypothesis of Theorem 1.11.4, the group G coincides 
with the group of all automorphisms of the field Ρ. 


Proof Every automorphism of the field P fixes 0 and 1. Hence, every automorphism 
of the field P fixes the subfield Z/pZ pointwise. Consider the field of invariants 
with respect to the action of the group G. It consists of all roots of the equation 
xP = x and thus coincides with the field Z/pZ. Let a be a generator of the cyclic 
group P*. Since the group G contains k elements, the generator (as well as any other 
element of the field P) satisfies a polynomial equation of degree at most k over the 
field Z/pZ (Theorem 1.3.3, part 2). The image of a under the action of an auto- 
morphism defines uniquely that automorphism, since every other element of P* is 
a power of a. Hence there exist at most k distinct automorphisms of the field P. We 
know k automorphisms of the field P; these are the powers of the automorphism F’. 
It follows that the field P does not have any other automorphisms. 


Corollary 1.11.6 Theorem 1.11.4 establishes a one-to-one Galois correspondence 
between the subgroups Gi of the Galois group G of the field P over the sub- 
field Z/pZ and the intermediate subfields Ky. 


Let a field K have g = ρ' elements, and let a field P have q* elements and con- 
tain the field Κ΄. Let G; denote the group of automorphisms of the field P generated 
by the /th power of the Frobenius automorphism F. 


Corollary 1.11.7 The field K is the field of invariants for the group ΟἹ. Subfields 
of the field P containing the field K are in one-to-one correspondence with the 
subgroups of the group Οἱ. 


Proof Every subgroup of the group G; is a cyclic group generated by an element 
(F!), where m is a divisor of the number k. This subgroup fixes pointwise the 
intermediate field containing g” elements. 


Let K be a finite field containing 4 = p! elements, Q € K[x] an irreducible 
polynomial of degree k over the field K, and P the splitting field of Q containing 
4" elements. 
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Corollary 1.11.8 All roots y,,..., yx of the equation Q =0 in the field P are 
1 
simple roots. They can be labeled so that the equality yj+1 = γῇ holds if1<i<k 


1 
and i, = γι. The equation Q = 0 is separable over the field K and is a Galois 
equation over this field. 


Proof The cyclic group G; acts on the field P with the field of invariants K. The 
orbit of the root y; under the action of this group consists of the elements y1,..., yx 


such that yj41 = ye holds if 1 <i <k and yp = γι. According to the Theo- 
rem 1.3.3, part 2, the roots of the polynomial Q are simple and coincide with the 
orbit yj,..., yx. Every root of the equation Q = 0 is a power of every other root of 
this equation. Hence, the equation Q = 0 is a Galois equation. 


Chapter 2 
Coverings 


This chapter is devoted to coverings. There is a surprising analogy between the clas- 
sification of coverings over a connected, locally connected, and simply connected 
topological space and Galois theory. We state the classification results for coverings 
so that their formal similarity with Galois theory becomes evident. 

There is a whole series of closely related problems on classification of cover- 
ings. Apart from the usual classification, there is a classification of coverings with 
marked points. One can fix a normal covering and classify coverings (and coverings 
with marked points) that are subordinate to this normal covering. For our purposes, 
it is necessary to consider ramified coverings over Riemann surfaces and to solve 
analogous classification problems for ramified coverings, etc. 

In Sect. 2.1, we consider coverings over topological spaces. We discuss in detail 
the classification of coverings with marked points over a connected, locally con- 
nected, and simply connected topological space. Other classification problems re- 
duce easily to this classification. 

In Sect. 2.2, we consider finite ramified coverings over Riemann surfaces. Rami- 
fied coverings are first defined as those proper maps of real manifolds to a Riemann 
surface whose singularities are similar to the singularities of complex analytic maps. 
Then we show that ramified coverings have a natural complex analytic structure. 

We discuss the operation of completion for coverings over a Riemann surface 
X with a removed discrete set O. This operation can be applied equally well to 
coverings and to coverings with marked points. It transforms a finite covering over 
X \ O toa finite ramified covering over X. 

Classification of finite ramified coverings with a fixed ramification set almost 
repeats the analogous classification of unramified coverings. Therefore, we allow 
ourselves to formulate results without proofs. 

To compare the main theorem of Galois theory and the classification of ramified 
coverings, we use the following fact. The set of orbits under a finite group action 
on a one-dimensional complex analytic manifold has a natural structure of a com- 
plex analytic manifold. The proof uses the Lagrange resolvent (in Galois theory, the 
Lagrange resolvents are used to prove solvability by radicals of equations with a 
solvable Galois group). 
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At the end of this second chapter, we apply the operation of completion of cov- 
erings to define the Riemann surface of an irreducible algebraic equation over the 
field K (X) of meromorphic functions over a manifold X. 


2.1 Coverings over Topological Spaces 


This section is devoted to coverings over a connected, locally connected, and sim- 
ply connected topological space. There is a series of closely related problems on 
classification of coverings. We discuss in detail the classification of coverings with 
marked points. Other classification problems reduce easily to this classification. 

In Sect. 2.1.1, we recall the covering homotopy theorem. In Sect. 2.1.2, we prove 
a classification theorem for coverings with marked points. In Sect. 2.1.3, we dis- 
cuss the correspondence between subgroups of the fundamental group and cover- 
ings with marked points. In Sect. 2.1.4, we discuss other classifications of coverings 
and their formal similarity with Galois theory. 

This section does not rely on the other parts of the book and can be read inde- 
pendently. 


2.1.1 Coverings and Covering Homotopy 


Continuous maps /; and f2 from topological spaces Y; and Y2, respectively, to 
a topological space X are called left equivalent if there exists a homeomorphism 
h:Y, — Y2 such that ἢ = fooh. A topological space Y together with a projection 
ΤΟΥ͂ — X toa topological space X is called a covering with the fiber D over X 
(where D is a discrete set) if the following holds: for each point c € X there exists 
an open neighborhood U such that the projection map of U x D onto the first factor 
is left equivalent to the map f : Yy > U, where Yy = f~'(U). The following 
theorem holds for coverings. 


Theorem 2.1.1 (Covering homotopy theorem) Let f : Y — X be a covering, Wx 
a k-dimensional cellular complex, and F : W, > X, F:W, = Y its mappings to 
X and Y such that f o F = F. Then for every homotopy F,; : Wk x [0,1] > X of 
the map F, Fo = F, there exists a unique lifting homotopy F:W, x [0,1] > Y, 
f (F,) = Γι, of the map F, Fo=F. 


We will use this theorem in the cases in which the complex W,; is a point or the 
interval [0, 1]. Recall the proof of the covering homotopy theorem in the first case. 
The proof in the second case is analogous, and we will omit it. Let us formulate the 
first case separately. 


Lemma 2.1.2 For each curve y : [0,1] > X, γ(0) =a and for each point b ΕΥ̓͂ 
that is projected to a, f(b) =a, there exists a unique curve y :[0, 1] + Y such that 
y(0)=band foy=y. 
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Proof If Y is the direct product Y = X x Ὁ, then the lemma is obvious. Consider 
the curve y : [0,1] > X. Say that an interval of the segment [0, 1] is sufficiently 
small with respect to y if its image under the map y lies in such a neighborhood in 
X that the cover over it is a direct product. Since the curve is compact, there exists 
a subdivision of the segment [0, 1] into smaller segments (with common endpoints) 
that are sufficiently small with respect to y. Lift to Y the piece of the curve over the 
first of these segments [0, a1], that is, construct the curve y : [0,a,] > Y, y(0) =b, 
foy=y. Then lift to Y the curve over the second segment [a1, az] using the al- 
ready constructed point δ᾽ = y (a1). Continuing this process, we lift to Y the whole 
curve y. The uniqueness of a lift of the curve is evident: First of all, the set of points 
in the segment [0, 1] where two lifts coincide is nonempty, since by hypothesis, each 
lift starts at the point ὃ € Y. Second, it is open, since locally, Y is a direct product of 
an open subset of X by a discrete set. Third, it is closed, since curves are continuous. 
Hence, two lifts coincide on the whole segment [0, 1]. 


We now define normal coverings and groups of deck transformations, which play 
a central role in this chapter. Consider a covering f : Y — X. A homeomorphism 
h:Y — Y is called a deck transformation of this covering if the equality f = f oh 
is satisfied. Deck transformations form a group. A covering is called normal if its 
group of deck transformations acts transitively on each fiber f—'(a), a € X, of 
the covering, and the following topological conditions on the spaces X and Y are 
satisfied: the space Y is connected, and the space X is locally connected and locally 
simply connected. 


2.1.2 Classification of Coverings with Marked Points 


A triple f : (Y,b) > (X, a) consisting of spaces with marked points (X, a), (Y, δ) 
and a map f is called a covering with marked points if f : Y > X is a covering 
and f(b) =a. Coverings with marked points are equivalent if there exists a home- 
omorphism between covering spaces that commutes with projections and maps the 
marked point to the marked point. It is usually clear from the notation whether we 
mean coverings or coverings with marked points. In such cases, we will for brevity 
omit the words “with marked points” when talking about coverings. 

A covering with marked points f : (Y,b) > (X,a) defines the homomorphism 
fx: 11 (Y, δὴ > 11 (X, a) of the fundamental group πὶ (Y, δ) of the space Y with the 
marked point ὃ to the fundamental group 71 (X, a) of the space X with the marked 
point a. 


Lemma 2.1.3 For a covering with marked points, the induced homomorphism of 
the fundamental groups has trivial kernel. 


Proof Let a closed path y : [0,1] ~ X, γ(0) = γ() =a, in the space X be the 
image f oy of the closed path y : [0,1] > Y, y(0) = y(1) = δ, in the space Y. Let 
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the path y be homotopic to the identity path in the space of paths in X with fixed 
endpoints. Then the path y is homotopic to the identity path in the space of paths in 
Y with fixed endpoints. For the proof, it is enough to lift the homotopy with fixed 
endpoints to Y. 


The following theorem holds for every connected, locally connected, and locally 
simply connected topological space X with a marked point a. 


Theorem 2.1.4 (On classification of coverings with marked points) 


1. For every subgroup G of the fundamental group of the space X there exist a 
connected space (Y,b) and a covering over (X, a) by the covering space (Y, b) 
such that the image of the fundamental group of the space (Y, b) coincides with 
the subgroup G. 

2. Two coverings over (X, a) by connected covering spaces (Y, b,) and (Y, b2) are 
equivalent if the images of the fundamental group of these spaces in the funda- 
mental group of (X, a) coincide. 


Proof 


1. Consider the space 2(X,a) of the paths y : [0,1] — X in X that originate at 
the point a, y (0) = a, and its subspace 2(X, a, αι) consisting of paths that ter- 
minate at a point αι. On the spaces Q(X, a), Q(X, a, 41). consider the topology 
of uniform convergence and the following equivalence relation. Say that paths 
γι and y2 are equivalent if they terminate at the same point a; and if the path 
γι is homotopic to the path v2 in the space 92(X, a, αι) of paths with fixed end- 
points. Denote by §2(X, a) and 92(X, a, αι) the quotient spaces of Q(X, a) and 
Q(X ,a,a,) by this equivalence relation. The fundamental group 71 (X, a) acts 
on the space §2(X,a) by right multiplication (composition). For a fixed sub- 
group G C 71 (X, a), denote by 2g(X, a) the space of orbits under the action of 
G on 92(X, a). Points in 82g (X, a) are elements of the space 2 (X, a, αι) defined 
up to homotopy with fixed endpoints and up to right multiplication by elements 
of the subgroup G. There is a marked point a in this space, namely, the equiva- 
lence class of the constant path y(t) =a. The map f : (2G(X,a), a) > (X,a) 
that assigns to each path its right endpoint has the required properties. We omit 
a proof of this fact. Note, however, that the assumptions on the space X are 
necessary for the theorem to be true: if X is disconnected, then the map f has 
no preimages over the connected components of X disjoint from the point a, 
and if X is not locally connected and locally simply connected, then the map 
f : (@G(X, a), a) > (X, a) may not be a local homeomorphism. 

2. We now show that a covering f : (Y,b) > (X,a) such that f,71(Y,b) =GC 
m1 (X, a) is left equivalent to the covering constructed using the subgroup G 
in the first part of the proof. To a point y € Y, assign any element from the 
space of paths 42 (Υ, b, y) in Y that originate at the point b and terminate at the 
point y, which are defined up to homotopy with fixed endpoints. Let 7, 2 be 
two paths from the space 2(Y,b, y) and let 7 = (j1)~! o ~ denote the path 
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composed from the path 7 and the path jy, traversed in the opposite direction. 
The path y originates and terminates at the point b; hence the path f ο y lies in 
the group G. It follows that the image f o y of an arbitrary path y in the space 
92(Y, b, y) under the projection f is the same point of the space [2G (X, a) (that 
is, the same path in the space 2G¢(X,a) up to homotopy with fixed endpoints 
and up to right multiplication by elements of the group G). In this way, we have 
assigned to each point y € Y a point of the space 2G(X, a). It is easy to check 
that this correspondence defines the left equivalence between the covering f : 
(Y, b) > (X, a) and the standard covering constructed using the subgroup G = 


fxm (Y, b). 


2.1.3 Coverings with Marked Points and Subgroups 
of the Fundamental Group 


Theorem 2.1.4 shows that coverings with marked points over a space X with a 
marked point a considered up to left equivalence are classified by subgroups G of 
the fundamental group 7 (X, a). Let us discuss the correspondence between cover- 
ings with marked points and subgroups of the fundamental group. 

Let f : (Y,b) --» (X,a) be a covering that corresponds to the subgroup G C 
mz, (X,a), and let F= f —!(q) denote the fiber over the point a. We have the follow- 
ing lemma. 


Lemma 2.1.5 The fiber F is in bijective correspondence with the right cosets of the 
group 11 (X, a) modulo the subgroup G. If a right coset h corresponds to a point c of 
the fiber Ε΄, then the group hGh™' corresponds to the covering f : (Y,c) > (X,a) 
with marked point c. 


Proof The group G acts by right multiplication on the space 2(X, a, a) of closed 
paths that originate and terminate at the point a and are defined up to homotopy with 
fixed endpoints. According to the description of the covering corresponding to the 
group G (see the first part of the proof of Theorem 2.1.4), the preimages of the point 
a with respect to this covering are orbits of the action of the group G on the space 
Q(X, a, a), i.e., the right cosets of the group 71 (X, a) modulo the subgroup G. 
Let h : [0, 1] + X, h(O) =a, be a loop in the space X, and ἢ : [0,1] —> Y, fh= 
h, the lift of this loop to Y that originates at the point b, h(0) = b, and terminates at 
the point c, h(1) =c. Let Gy C πι(Χ, a) be the subgroup consisting of paths whose 
lifts to Y starting at the point c terminate at the same point c. It is easy to verify the 
inclusions hGh~! C G1, h~!Gih C G, which imply that ΟἹ = hGh-!. 


Let us say that a covering fo : (Y2,b2) > (X, a) is subordinate to the cover- 
ing ἢ: (Y,b1) > (X, a) if there exists a continuous map ἢ : (1, b1) > (V2, b2) 
compatible with the projections ἢ and fo, i.e., such that fj = fo oh. 
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Lemma 2.1.6 The covering corresponding to a subgroup G2 is subordinate to the 
covering corresponding to a subgroup Οἱ if and only if the inclusion Gz > G, 
holds. 


Proof Suppose that π᾿ (X,a) > G2 D Gj, and let fo : (Y2, bz) > X be the covering 
corresponding to the subgroup G2 of πι(Χ, α). By Lemma 2.1.3, the group G2 
coincides with the image /2.71(Y2,b2) of the fundamental group of the space 
Υ) in 71(X,a). Let g: (%,b1) — (5, δ) be the covering corresponding to 
the subgroup fo, Gi in the fundamental group (V2, b2) = fy, G2. The map 
f20g:(%1,b1) > (X,a) defines the covering over (X,a) corresponding to the 
subgroup Οἱ C 71(X,a). Hence, the covering f2 o g: (Y2,b2) > (X,a) is left 
equivalent to the covering ἢ : (Y1,b1) — (X,a). We have proved the lemma in 
one direction. The proof in the opposite direction is similar. 


Consider a covering f : Y — X such that Y is connected, and X is locally con- 
nected and locally simply connected. Suppose that for a point a € X, the covering 
has the following properties: for all choices of preimages b and c of the point a, 
the coverings with marked points f : (Y,b) > (X,a) and f : (Y,c) > (X,a) are 
equivalent. Then 


1. the covering has this property for every point a € X; 
2. the covering f : Y — X is normal. 


Conversely, if the covering is normal, then it has this property for every point a € X. 
This statement follows immediately from the definition of a normal covering. 


Lemma 2.1.7 A covering is normal if and only if it corresponds to a normal sub- 
group H of the fundamental group 1\(X, a). For this normal subgroup, the group 
of deck transformations is isomorphic to the quotient group ™(X,a)/H. 


Proof Suppose that the covering f : (Y,b) — (X,a) corresponding to a sub- 
group G C 7(X, a) is normal. Then for every preimage c of the point a, this cov- 
ering is left equivalent to the covering f : (Y,c) > (X,a). By Lemma 2.1.5, this 
means that the subgroup G coincides with each of its conjugate subgroups. It fol- 
lows that the group G is a normal subgroup of the fundamental group. Similarly, 
one can show that if G is a normal subgroup of the fundamental group, then the 
covering corresponding to this subgroup is normal. 

A deck homeomorphism that takes the point b to the point c is unique. Indeed, the 
set on which two such homeomorphisms coincide is, firstly, open (since f is a local 
homeomorphism), and secondly, closed (since homeomorphisms are continuous), 
and thirdly, nonempty (since it contains the point δ). Since the space Y is connected, 
this set must coincide with Y. 

The fundamental group 7\(X,a) acts by right multiplication on the space 
92(X, a). For every normal subgroup H, this action gives rise to an action on the 
equivalence classes in §277(X, a) (under multiplication by an element g € 7 (X, a), 
the equivalence class x H is mapped to the equivalence class x Hg = xgH). The 
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action of the fundamental group on 2747(X,a) is compatible with the projection 
f : 2y(X, a) > (X, a) that assigns to each path the point at which it terminates. 
Hence, the fundamental group z;(X, a) acts on the space Y of the normal covering 
f : (Yb) — (X, a) by deck homeomorphisms. For the covering that corresponds 
to the normal subgroup H, the kernel of this action is the group H, i.e., there is 
an effective action of the quotient group 71(X,a)/H on the space of this cover- 
ing. The quotient group action can map the point ἢ to any other preimage c of the 
point a. Hence, there are no other deck homeomorphisms h : Y — Y apart from the 
homeomorphisms of the action of the quotient group 71 (X,a)/H. The lemma is 
proved. 


The fundamental group πὶ (X, a) acts on the fiber F = f—!(a) of the covering 
f :(¥, b) > (X, a). We now define this action. Let y be a path in the space X that 
originates and terminates at the point a. For every point ὁ € F, let y, denote a lift 
of the path y to Y such that 7,.(0) = c. The map S, : F — F that takes the point 
c to the point y,(1) € F belongs to the group S(F’) of bijections from the set F’ 
to itself. The map S, depends only on the homotopy class of the path y, that is, 
on the element of the fundamental group 71 (X, a) represented by the path y. The 
homomorphism Sy, : πι(Χ, α) > S(F) is called the monodromy homomorphism, 
and the image of the fundamental group in the group S(F’) is called the monodromy 
group of the covering f : (Y, δ) > (X, a). 

Let f : (Y,b) — (X,a) be the covering corresponding to a subgroup G C 
m\(X,a), ΕΞ f-'(@) the fiber of this covering over the point a, and S(F’) the 
permutation group of the fiber Γ΄. We have the following lemma. 


Lemma 2.1.8 The monodromy group of the covering described in the previous 
paragraph is a transitive subgroup of the group 5(Ε} and is equal to the quo- 
tient group of 1\(X, a) by the largest normal subgroup H that is contained in the 
group G, i.e., 


H= () hGh-!. 
hem, (X,a) 


Proof The monodromy group is transitive. For the proof, we have to construct, for 
every point c € F, a path y such that S,(b) =c. Take an arbitrary path y in the 
connected space Y such that y connects the point b with the point c. To obtain the 
path y it is enough to take the image of the path y under the projection f. 

It can be immediately seen from the definitions that the stabilizer of the point 
b under the action of the fundamental group on the fiber F coincides with the 
group G C 71(X,a). Let h € π|(Χ, α) be an element in the fundamental group 
that takes the point b to the point c € F. Then the stabilizer of the point c is equal to 
hGh-'. The kernel H of the monodromy homomorphism is the intersection of the 
stabilizers of all points in the fiber, that is, H - ἢ πεπι(Χ.α) hGh7!. The intersection 


of all groups hGh7! is the largest normal subgroup contained in the group G. 
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2.1.4 Coverings and Galois Theory 


In this subsection, we discuss an analogy between coverings and Galois theory. 
First, we discuss the usual classification of coverings (without marked points). Then 
we prove the classification theorem for coverings and coverings with marked points 
subordinate to a given normal covering. This theorem is surprisingly similar to the 
main theorem of Galois theory. To make this analogy more transparent we introduce 
the notion of intermediate coverings and reformulate the classification theorem for 
the intermediate coverings. At the end of the subsection, we give one more descrip- 
tion of intermediate coverings that directly relates such coverings to the subgroups 
of the deck transformation group acting on the normal covering. 

We now pass to coverings without marked points. We classify coverings with 
the connected covering space over a connected, locally connected, and simply con- 
nected space. This classification reduces to the analogous classification of coverings 
with marked points. 

Two coverings fj : Y; > X and fo: Y2 — X are called equivalent if there exists 
a homeomorphism h : ΥἹ -- Y2 compatible with the projections ἢ and fo, i.e., such 
that fi = fooh. 


Lemma 2.1.9 Coverings with marked points are equivalent as coverings (rather 
than as coverings with marked points!) if and only if the subgroups corresponding 
to these coverings are conjugate in the fundamental group of the space. 


Proof Let coverings ἢ : (V1, b1) > (X, a) and f2 : (Y2, b2) > (X, a) be equivalent 
as coverings. A homeomorphism h should map the fiber 7. '(a) to the fiber ie (a). 
Hence, the covering ἢ : (Y1,b1) > (X, a) is equivalent, as a covering with marked 
points, to the covering f2 : (Y2,h(b1)) > (X,a), where f2(h(b1)) = fo(b2). This 
means that the subgroups corresponding to the original coverings with marked 
points are conjugate. 


Therefore, coverings f : Y — X such that Y is connected and X is locally con- 
nected and locally simply connected are classified by subgroups of the fundamental 
group 1\(X) defined up to conjugation in the group ™\(X) (the groups 7 (X, a) 
obtained by different choices of the base point are isomorphic, and isomorphism is 
well defined up to conjugation). 

In Galois theory, one usually considers algebraic extensions that belong to a given 
Galois extension (and not all field extensions simultaneously). Analogously, when 
classifying coverings and coverings with marked points, one can restrict attention to 
coverings subordinate to a given normal covering. 

The definition of the subordination relation for coverings with marked points was 
given above. One can also define an analogous relation for coverings, at least in the 
case that one of the coverings is normal. 

Say that a covering f : Y — Χ is subordinate to the normal covering g: M > X 
if there exists a map ἢ : M — Y compatible with the projections g and f, i.e., such 
that g = f oh. It is clear that a covering is subordinate to a normal covering if and 
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only if every subgroup from the corresponding class of conjugate subgroups in the 
fundamental group of X contains the normal subgroup corresponding to the normal 
covering. 

Fix a marked point a in the space X. Let g : (M,b) — (X,a) be the nor- 
mal covering corresponding to a normal subgroup H of the group 71(X, a), and 
N = 7 (X, a)/H the deck transformation group of this normal covering. Consider 
all possible coverings and coverings with fixed points subordinate to this normal 
covering. We can apply all classification theorems to these coverings. The role of 
the fundamental group 77; (X, a) will be played by the deck transformation group N 
of the normal covering. 

Let f : (Y, b) > (X, a) be a subordinate covering with marked points, and G the 
corresponding subgroup of the fundamental group. With this subordinate covering, 
we associate the subgroup of the deck transformation group N equal to the image of 
the subgroup G under the quotient projection 2(X, a) > N. The following theorem 
holds for this correspondence. 


Theorem 2.1.10 The correspondence between coverings with marked points sub- 
ordinate to a given normal covering and subgroups of the deck transformation group 
of this normal covering is bijective. 

Subordinate coverings with marked points are equivalent as coverings if and only 
if the corresponding subgroups are conjugate in the deck transformation group. 

A subordinate covering is normal if and only if it corresponds to a normal sub- 
group M of the deck transformation group N. The deck transformation group of the 
subordinate normal covering is isomorphic to the quotient group N/M. 


Proof For the proof, it is enough to apply the already proved “absolute” classifica- 
tion results and the following evident properties of the group quotients. 

The quotient projection is a bijection between all subgroups of the original group 
that contain the kernel of the projection and all subgroups of the quotient group. 
This bijection 


1. preserves the partial order on the set of subgroups defined by inclusion; 

2. takes a class of conjugate subgroups of the original group to a class of conjugate 
subgroups of the quotient group; 

3. establishes a one-to-one correspondence between all normal subgroups of the 
original group that contain the kernel of the projection and all normal subgroups 
of the quotient group. 


Under the correspondence of normal subgroups described in item 3, the quotient 
of the original group by a normal subgroup is isomorphic to the quotient of the 
quotient group by the corresponding normal subgroup. 


Subordinate coverings are classified in two different ways: as coverings with 
marked points and as coverings. What are analogous classification results in Galois 
theory? To make the answer to this question evident let us formulate the classifica- 
tion problem for coverings avoiding the use of marked points. 
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Let f : M— X bea normal covering (as usual, we assume that the space M is 
connected, and the space X is locally connected and locally simply connected). An 
intermediate covering between M and X is a space Y together with a surjective and 
continuous map hy : M — Y anda projection fy : Y > X satisfying the condition 
f=fy ohy. 

Let us introduce two different notions of equivalence for intermediate coverings. 
Say that two intermediate coverings 


hy fi h2 ir 
M —+> Y,; —~> X and M —+ Y2 —~> X 


are equivalent as subcoverings of the covering f : M — X if there exists a homeo- 
morphism ἢ : Y; — Y2 that makes the diagram 


M 
ar 
Y, —---h--»+Y. 


NA 


commutative, i.e., such that hy =hoh, and ἢ = f2 oh. Say that two subcoverings 
are equivalent as coverings over X if there exists a homeomorphism ἢ : ΥἹ > Y2 
such that ἢ =h ο f2 (the homeomorphism ἢ is not required to make the upper part 
of the diagram commutative). 

The classification of intermediate coverings regarded as subcoverings is equiva- 
lent to the classification of subordinate coverings with marked points. Indeed, if we 
mark a point b in the space M that lies over the point a, then we obtain a canonically 
defined marked point hy (a) in the space Y. 

The following statement is a reformulation of Theorem 2.1.10. 


Proposition 2.1.11 Intermediate coverings for a normal covering with the deck 
transformation group N: 


1. regarded as subcoverings are classified by subgroups of the group N; 
2. regarded as coverings over X are classified by the conjugacy classes of sub- 
groups in the group N. 


A subordinate covering is normal if and only if it corresponds to a normal sub- 
group M of the deck transformation group N. The deck transformation group of the 
subordinate normal covering is isomorphic to the quotient group N/M. 


The classification of intermediate coverings subordinate to a given normal covering 
is formally analogous to the classification of intermediate subfields of a given Galois 
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extension. To see this, replace the words “normal covering,” “deck transformation 
group,” “subordinate covering” with the words “Galois extension,” “Galois group,” 
“intermediate field.” 

An intermediate field K, lying between a field K and a Galois extension P of K 
can be considered from two different viewpoints: as a subfield of the field P and as 
an extension of the field K. The classification of intermediate coverings regarded as 
subcoverings corresponds to Galois-theoretic classification of intermediate exten- 
sions regarded as subfields of the field P. The classification of intermediate cover- 
ings regarded as coverings over X corresponds to the Galois-theoretic classification 
of intermediate extensions regarded as extensions of the field P. 

In Sect. 2.2 we consider finite ramified coverings over one-dimensional complex 
manifolds. Ramified coverings (with marked points or without marked points) over 
a manifold X whose ramification points lie over a given discrete set O are classified 
in the same way as coverings (with marked points or without marked points) over 
X \ O (see Sect. 2.2). Finite ramified coverings correspond to algebraic extensions 
of the field of meromorphic functions on X. The fundamental theorem of Galois 
theory for these fields and the classification of intermediate coverings are not only 
formally similar but also very close to each other. 

Let us give yet another description of intermediate coverings for a normal cov- 
ering f : M — X with a deck transformation group N. The group Ν is a group 
of homeomorphisms of the space M with the following discreteness property: each 
point of the space M has a neighborhood such that its images under the action of dif- 
ferent elements of the group Ν do not intersect. To construct such a neighborhood, 
take a connected component of the preimage under the projection f : Μ -- X ofa 
connected and locally connected neighborhood of the point f(z) € X. 

For every subgroup G of the group N, consider the quotient space Mg of the 
space M under the action of the group G. A point in Mg is an orbit of the action of 
the group G on the space M. The topology on Mg is induced by the topology on 
the space M. A neighborhood of an orbit consists of all orbits that lie in an invariant 
open subset U of the space M with the following properties. The set U contains 
the original orbit, and a connected component of the set U intersects each orbit at 
most at one point. The space My can be identified with the space X. To do so, 
we identify a point x € X with the preimage f—!(x) C M, which is an orbit of the 
deck transformation group N acting on M. Under this identification, the quotient 
projection fe, : M— My coincides with the original covering f: M— Χ. 

Let σι, G2 be two subgroups in N such that G; C G2. Define the map fc,,G, : 
McG, — Ma, by assigning to each orbit of the group ΟἹ the orbit of the group G2 
that contains it. It is easy to see that the following hold: 


1. The map fG,,G, is a covering. 

2. If G; ς G2 C G3, then 7σι.ο: = 76:.6..16ι.65- 

3. Under the identification of My with X, the map ἔασιν : Mc — My corresponds 
to a covering subordinate to the original covering fey: M —> My (since fen = 
fG,Nn ο fe,G): 

4. If G is anormal subgroup in N, then the covering σιν : Mg > My is normal, 
and its deck transformation group is equal to N/G. 
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With an intermediate covering fc,y : Mg — My, one can associate either the triple 
fe,G SG.N ; : 
of spaces Μ “ Mg —> My with the maps fe, and fg.n, or the pair of spaces 
SG.N . ἀγενηϊνς F 
Mc —> My with the map fG,y. These two possibilities correspond to two view- 
points with respect to an intermediate covering, regarding it either as a subcovering 
or as a covering over My. 


2.2 Completion of Finite Coverings over Punctured Riemann 
Surfaces 


In this section, we consider finite ramified coverings over one-dimensional com- 
plex manifolds. We describe the operation of completion for coverings over a one- 
dimensional complex manifold X with a removed discrete set O. This operation 
can be applied equally well to coverings and to coverings with marked points. It 
transforms a finite covering over X \ O to a finite ramified covering over X. 

In Sect. 2.2.1, we consider the local case in which coverings of an open punctured 
disk get completed. In the local case, the operation of completion allows us to prove 
the Puiseux expansion for multivalued functions with an algebraic singularity. 

In Sect. 2.2.2, we consider the general case. First, we define the real operation 
of filling holes. Then we show that the ramified covering obtained using the real 
operation of filling holes has a natural structure of a complex manifold. 

In Sect. 2.2.3, we classify finite ramified coverings with a fixed ramification set. 
The classification literally repeats the analogous classification of unramified cover- 
ings. Therefore, we allow ourselves to formulate results without proofs. We prove 
that the set of orbits under a finite group action on a one-dimensional complex ana- 
lytic manifold has a natural structure of a complex analytic manifold. 

In Sect. 2.2.4, we apply the operation of completion of coverings to define the 
Riemann surface of an irreducible algebraic equation over the field K (X) of mero- 
morphic functions over a manifold X. 

Section 2.2.2 relies on the results of Sect. 2.2.1. 


2.2.1 Filling Holes and Puiseux Expansions 


Let D,. be an open disk of radius r on the complex line with center at the point 0, and 
let D* = D, \ {0} denote the punctured disk. For every positive integer k, consider 
the punctured disk DF: where g =r!/*, together with the map f : Di — DF given 
by the formula f(z) = ζ΄. 


Lemma 2.2.1 There exists a unique (up to left equivalence) connected k-fold cov- 
ering 1 : V* - D* over the punctured disk D*. This covering is normal. It is 
equivalent to the covering f : δὰ — D*, where the map f is given by the formula 


χ-- (ὦ -- ζί. 
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Proof The fundamental group of the domain D* is isomorphic to the additive 
group Z of integers. The only subgroup in Z of index k is the subgroup kZ. The 
subgroup ΚΖ is a normal subgroup in Z. The covering z — z‘ of the punctured disk 
δὴ over the punctured disk D* is normal and corresponds to the subgroup ΚΖ. 


Let a : V* — Δὲ be a connected k-fold covering over a punctured disk D*. Let 
V denote the set consisting of the domain V and a point A. We can extend the map 
π᾿ to the map of the set V onto the disk D, by putting 2 (A) = 0. We introduce the 
coarsest topology on the set V such that the following conditions are satisfied: 


1. The identification of the set V \ {A} with the domain V is a homeomorphism. 
2. The map z : V -- D is continuous. 


Lemma 2.2.2 The map x: V — D, is left equivalent to the map f : Dg > Dy; 
defined by the formula x = f(z) = ζ΄. In particular, V is homeomorphic to the 
open disk Dg. 


Proof Let h : D* — V* be the homeomorphism that establishes an equivalence 
of the covering 7 : V* —> DF and the standard covering f : Dj > D7. Extend h 
to the map of the disk Dg to the set V by putting h(0) = A. We have to check 
that the extended map ἢ is a homeomorphism. Let us check, for example, that ἢ 
is a continuous map. By definition of the topology on V, every neighborhood of 
the point A contains a neighborhood Vo of the form Vo = x—!(Up), where Up is 
a neighborhood of the point 0 on the complex line. Let Wo C Dy be the open set 
defined by the formula Wo = f —!(Uo). We have h~!(Vo) = Wo, which proves the 
continuity of the map ἢ at the point 0. The continuity of the map ἢ can be proved 
analogously. 


We will use the notation of the preceding lemma. 


Lemma 2.2.3 The manifold V has a unique structure of an analytic manifold such 
that the map m : V — D, is analytic. This structure is induced from the analytic 
structure on the disk Dg by the homeomorphism h: Dy > V. 


Proof The homeomorphism ἢ transforms the map z into the analytic map 
f(z) > τ΄. Hence, the analytic structure on V induced by the homeomorphism 
satisfies the condition of the lemma. Consider another analytic structure on V. The 
map ἢ : ἢ -> V outside of the point 0 can be locally represented as h(z) = π΄ 'ζ' 
and therefore is analytic. Thus the map  : D > V is continuous and analytic every- 
where except at the point 0. By the removable singularity theorem, it is also analytic 
at the point 0, and therefore there is a unique analytic structure on V such that the 


projection z is analytic. 


The transition from the real manifold V* to the real manifold V and the transition 
from the covering 7 : V* > D* to the map π : V > D, will be called the real 
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operation of filling a hole. Lemma 2.2.3 shows that after a hole has been filled, the 
manifold V has a unique structure of a complex analytic manifold such that the 
map z : V > D, is analytic. The transition from the complex manifold V* to the 
complex manifold V and the transition from the analytic covering a : V* + δ to 
the analytic map z : V — D, will be called the operation of filling a hole. In what 
follows, we will use precisely this operation. 

The operation of filling a hole is intimately related to the definition of an alge- 
braic singular point and to Puiseux series. Let us discuss this in more detail. We 
say that an analytic germ @, at a point a € D defines a multivalued function on the 
disk D, with an algebraic singularity at the point 0 if the following conditions are 
satisfied: 


1. The germ @, can be extended along any path that originates at the point a and 
lies in the punctured disk δ . 

2. The multivalued function g in the punctured disk D* obtained by extending the 
germ @ along paths in D* takes a finite number k of values. 

3. When approaching the point 0, the multivalued function g grows no faster than 
a power function, i.e., there exist positive real numbers C, N such that any of the 
values of the multivalued function 9 satisfies the inequality |p(x)| < C|x|~. 


Lemma 2.2.4 A multivalued function y with an algebraic singularity in the punc- 
tured disk D* can be represented in this disk by the Puiseux series 


g(x) = Σ: ΠῚ 


m>—mQ 


Proof If the function g can be extended analytically along all paths in the punctured 
disk D* and has k different values, then the germ gp = Gq 0 ζῇ, where bk = a, 
defines a single-valued function in the punctured disk De where g = r!/*. By the 
hypothesis, the function g grows no faster than a power function when approaching 
the point 0. Hence in the punctured disk Di; it can be represented by the Laurent 


series 
8(2) Ξ x Cz". 


m>—mg 


Substituting x!/* for z in the series for the function g, we obtain the Puiseux series 


for the function 9. 


2.2.2 Analytic-Type Maps and the Real Operation of Filling Holes 


In this subsection, we define the real operation of filling holes. We show that the 
ramified covering resulting from the real operation of filling holes has a natural 
complex analytic structure. 
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Let X be a one-dimensional complex analytic manifold, M a two-dimensional 
real manifold, and 2 : M — Χ acontinuous map. We say that the map z at a point 
y €M has an analytic-type singularity! of multiplicity k > 0 if there exist 


1. aconnected punctured neighborhood U* c X of the point x = z(y), 
2. aconnected component of the domain z~!(U*) that is a punctured neighborhood 
V* CM of the point y 


such that the triple 7 : V* > U* is a k-fold covering. It is natural to regard the 
singular point y as a multiplicity-k preimage of the point x: the number of preimages 
(counted with multiplicity) of a in the neighborhood of an analytic-type singular 
point of multiplicity k is constant and equal to k. 

A map f : X > M isan analytic-type map’ if it has an analytic-type singularity 
at every point. Clearly, a complex analytic map f : M— X of a complex one- 
dimensional manifold M to a complex manifold X is an analytic-type map (when 
considered as a continuous map of a real manifold M to a complex manifold X). 
For an analytic-type map, a point y is called regular if its multiplicity is equal to 
one, and singular if its multiplicity k is greater than one. The set of all regular points 
of an analytic-type map is open. The map considered near a regular point is a local 
homeomorphism. The set O of singular points of an analytic-type map is a discrete 
subset of M. 


Proposition 2.2.5 Let M be a two-dimensional real manifold and f : M — Χ an 
analytic-type map to a one-dimensional complex analytic manifold X.Then M has 
a unique structure of a complex analytic manifold such that the map f is analytic. 


Proof The map f is a local homeomorphism at the points of M \ O. This local 
homeomorphism to the analytic manifold X makes M \ O into an analytic manifold. 
Near the points of the set O, one can define an analytic structure in the same way 
as near the points added by the operation of filling holes. We now prove that there 
are no other analytic structures such that f is analytic. Let M; and M2 be two 
copies of the manifold M with two different analytic structures. Let ΟἹ and O2 be 
distinguished discrete subsets of M; and M2, and h : M; — M2 a homeomorphism 
identifying these two copies. It is clear from the hypothesis that the homeomorphism 
h is analytic everywhere except at the discrete set ΟἹ C Mj. By the removable 
singularity theorem, ἢ is a biholomorpic map. Hence the two analytic structures on 
M coincide. 


We now return to the operation of filling holes. Let M be a real two-dimensional 
manifold, and f : M — X an analytic-type map of the manifold M to a complex 
manifold X. 

Fix a local coordinate u near a point a € X, u(a) = 0, that gives an invertible 
map of a small neighborhood of the point a € X to a small neighborhood of the 


'This is usually called a topological branch point (translator’s note). 


?This is usually called a topological branched map (translator’s note). 
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origin on the complex line. Let U* be the preimage of a small punctured disk Df 
with center at Ὁ under the map uw. Suppose that among all connected components of 
the preimage 2~!(U*), there exists a component V* such that the restriction of the 
map z to V* is a k-fold covering. In this case, one can apply the real operation of 
filling a hole. The operation does the following: Cut a neighborhood V* out of the 
manifold M. The covering z : V* — U%* is replaced by the map z : V > U by the 
operation of filling a hole described above. The manifold V* lies in V and differs 
from V at one point. The real operation of filling a hole attaches the neighborhood 
V to the manifold ΜᾺ V* together with the map 2: V > X. 

The real operation of filling holes consists of real operations of filling a hole 
applied to all holes simultaneously. It is well defined: if V* is a connected compo- 
nent of the preimage π΄ ᾿ (05), where U* is a punctured neighborhood of the point 
o € X, and the map z : V* > U* isa finite covering, then the operation of filling all 
holes adds to the closure of the domain V* exactly one point lying over the point o. 
The topology near this new point is defined in the same way as under the operation 
of filling one hole. 

The operation of filling holes is the complexification of the real operation of fill- 
ing holes. The operation of filling holes can be applied to a one-dimensional com- 
plex analytic manifold M endowed with an analytic map f : M — X. Namely, the 
triple f : M — X should be regarded as an analytic-type map from a real manifold 
M to X. Then the real operation of filling holes should be applied to this triple. The 
result is a real manifold M together with an analytic-type map 7 : M — X. The 
manifold M has a unique structure of a complex manifold such that the analytic- 
type map zr is analytic. This complex manifold M together with the analytic map z 
is the result of the operation of filling holes applied to the initial triple ἢ: M— Χ. 
In what follows, we will need only the operation of filling holes and not its real 
version. 

Let X and M be one-dimensional complex manifolds, O a discrete subset of X, 
and zm : M — U, where U = X \ O, an analytic map that is a finite covering. Let X 
be connected (the covering space M may be disconnected). 

Near every point o € O, one can take a small punctured neighborhood U* that 
does not contain other points of the set O. Over the punctured neighborhood U*, 
there is a covering f : V* > U*, where V* = f~!(U*). The manifold V* splits 
into connected components V,*. Let us apply the operation of filling holes. Over the 
point o € O, we attach a finite number of points. The number of points is equal to 
the number of connected components of V*. 


Lemma 2.2.6 ΠΓ the operation of filling holes is applied to a k-fold covering 1 : 
M — U, then the result is a complex manifold M endowed with a proper analytic 
map ΤΠ :M — X of degree k. 


Proof We should check the properness of the map 7. First of all, this map is ana- 
lytic, and hence the image of every open subset under this map is open. Next, the 
number of preimages of every point x9 € X under the map 7, counted with multi- 
plicity, is equal to k. Hence, the map 7 is proper. 
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2.2.3 Finite Ramified Coverings with a Fixed Ramification Set 


In this subsection, we classify finite ramified coverings with a fixed ramification set. 

Let X be a connected complex manifold with a distinguished discrete subset O. 
A triple consisting of complex manifolds M and X and a proper analytic map 
ma : M -» X whose critical values are all contained in the set O is called a rami- 
fied covering over X with ramification over O. We consider ramified coverings up 
to left equivalence. In other words, two triples πὶ: M, — X, and m2: M2 > X2 
are considered the same if there exists a homeomorphism h : M, — M2 compatible 
with the projections 1 and 7, 1.e., 71 = hom. The homeomorphism h that estab- 
lishes the equivalence of ramified coverings is automatically an analytic map from 
the manifold M, to the manifold Mp). This is proved in the same way as Proposi- 
tion 2.2.5. 

The following operation will be called the ramification puncture. To every con- 
nected covering 2 : M — X ramified over O, the operation assigns the unramified 
covering a: M \ Osx \ O over X \ O, where O is the full preimage of the set 
O under the map π΄. The following lemma is a direct consequence of the relevant 
definitions. 


Lemma 2.2.7 The operation of ramification puncture and the operation of filling 
holes are inverse to each other. They establish an isomorphism between the category 
of ramified coverings over X with ramifications over the set O and the category of 
finite coverings over X \ O. 


All definitions and statements about coverings can be extended to ramified cov- 
erings. This is done automatically: it is enough to apply arguments used in the proof 
of Proposition 2.2.5. Thus we formulate definitions and propositions about only 
ramified coverings. 

Let us start with definitions concerning ramified coverings. A homeomorphism 
h: M — M is called a deck transformation of a ramified covering π᾿: M — X with 
ramification over O if the equality z = z oh is satisfied. (The deck transformation 
h is automatically analytic.) 

For a connected manifold M, a ramified covering 7 : M — X with ramification 
over O is called normal if its group of deck transformations acts transitively on 
every fiber of the map z. The group of deck transformations is automatically a 
group of analytic transformations of M. 

A ramified covering f2: Mz — X with ramification over O is said to be subor- 
dinate to anormal ramified covering ἢ :M, — X with ramification over O if there 
exists a ramified covering ἢ : M,; — M2 with ramification over Τ᾿ (ΟἹ such that 
fi = fooh. (The map h is automatically analytic.) 

We now proceed to definitions concerning coverings with marked points. A triple 
mz :(M,b) > (X,a), where π: M > X is a ramified covering with ramification 
over O, and a € X, ΡῈ M are marked points such that a ¢ O and z(b) =a, is 
called a ramified covering over X with marked points with ramification over O. 
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A ramified covering f2 : (M2, b2) > (X,a) with ramification over O is said 
to be subordinate to a ramified covering ἢ : (M1, b,) > (X, a) with ramification 
over O if there exists a ramified covering h : (M,, b1) > (Mo, b2) with ramification 
over To) such that f fo oh. (The map h is automatically analytic.) In partic- 
ular, such coverings are called equivalent if the map h is a homeomorphism. (The 
homeomorphism ἢ is automatically a bianalytic bijection between M, and M).) 

The operation of ramification puncture assigns to a ramified covering f : 
(Y, δὴ) > (X, a) with marked points and to a covering 7 : M —> Χ with ramification 
over O the covering with marked points f : (Y \ x—!(0),b) > (X \ O,a) and the 
covering π: M\~!(O) — X \ O. With these coverings over X \ O, one associates 
the subgroup of finite index in the group 71(X \ O,a) and, respectively, the class 
of conjugate subgroups of finite index in this group. We say that this subgroup cor- 
responds to the ramified covering f : (Y,b) — (X, a) with marked points and that 
this class of conjugate subgroups corresponds to the ramified covering 7: M —> Χ. 

Consider all possible ramified coverings with marked points with a connected 
covering space over a manifold X with a marked point a that have ramification over 
aset O,a ¢ O. Transferring the statements proved for coverings with marked points 
to ramified coverings, we obtain the following: 


1. Such coverings are classified by subgroups of finite index in the group 
m(X \ O,a). 


2. Such a covering corresponding to the group G2 is subordinate to the covering 
corresponding to the group ΟῚ if and only if the inclusion Gz > ΟἹ holds. 

3. Such a covering is normal if and only if the corresponding subgroup of the fun- 
damental group 77; (X \ O,a) is anormal subgroup H. The group of deck trans- 
formations of the normal ramified covering is isomorphic to 


m1 (X \ O,a)/H. 


Consider all possible ramified coverings over a manifold X with a connected cov- 
ering space that have ramification over a set O, a ¢ O. Transferring the statements 
proved for coverings to ramified coverings we obtain the following: 


4. Such coverings are classified by conjugacy classes of subgroups of finite index 
in the group 7, (X \ O,a). 


One can literally translate the description of ramified coverings subordinate to 
a given normal covering with the deck transformation group N to ramified cover- 
ings. To a ramified covering with a marked point, assign the subgroup of the deck 
transformation group N that is equal to the image under the quotient projection 
πιί(Χ, α) — N of the subgroup of the fundamental group corresponding to the ram- 
ified covering. For this correspondence, we have the following theorem. 


Theorem 2.2.8 The correspondence between ramified coverings with marked 
points subordinate to a given normal covering and subgroups of the deck trans- 
formation group of this normal covering is bijective. 
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Subordinate ramified coverings with marked points are equivalent as coverings 
if and only if the corresponding subgroups are conjugate in the deck transformation 
group. 

A subordinate ramified covering is normal if and only if it corresponds to a 
normal subgroup M of the deck transformation group N. The deck transformation 
group of the subordinate normal covering is isomorphic to the quotient group N/M. 


The notion of subcovering extends to ramified coverings. Let f : M— X be 
a normal ramified covering (as usual, we assume that the complex manifold M 
is connected). An intermediate ramified covering between M and X is a complex 
manifold Y together with a surjective analytic map hy : M — Y and a projection 
fy ΟΥ̓ — X satisfying the condition f = fy ohy. 

We say that two intermediate ramified coverings 


hy fi ha fh 
M —=+ Y; —~+> X and M — + Yn ——>+ X 


are equivalent as ramified subcoverings of the covering f : M — X if there exists a 
homeomorphism ἢ : Y; -- Y2 that makes the following diagram commutative: 


M 
a 


Y, —---h--»+Y. 


NA 


That is, the homeomorphism should be such that hz = ho hy and ἢ = fooh. We 
say that two ramified subcoverings are equivalent as ramified coverings over X if 
there exists an analytic map ἢ : Y; — Y2 such that fj =ho f2 (the map A is not 
required to make the upper part of the diagram commutative). 

The classification of intermediate ramified coverings regarded as ramified sub- 
coverings is equivalent to the classification of subordinate coverings with marked 
points. Indeed, if we mark a point b in the manifold M that lies over the point a, 
then we obtain a canonically defined marked point hy (a) in the space Y. 

Let us reformulate Proposition 2.1.11. 


Proposition 2.2.9 Intermediate ramified coverings for a normal covering with the 
deck transformation group N: 


1. regarded as ramified subcoverings are classified by subgroups of the group N; 
2. regarded as ramified coverings over X are classified by the conjugacy classes of 
subgroups in the group N. 
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A subordinate ramified covering is normal if and only if it corresponds to a normal 
subgroup H of the deck transformation group N. The deck transformation group of 
the subordinate ramified normal covering is isomorphic to the quotient group N/H. 


Let us give one more description of ramified coverings subordinate to a given 
normal ramified covering. Let x : M — X be a normal finite ramified covering with 
the deck transformation group NV. 

The deck transformation group N is a group of analytic transformations of the 
manifold M commuting with the projection π. It induces a transitive transformation 
group of the fiber of 2. Transformations in the group N can have isolated fixed 
points over the set of critical values of the map zr. 


Lemma 2.2.10 The set My of orbits under the action of the deck transformation 


group N ona ramified normal covering M is in one-to-one correspondence with the 
manifold Χ. 


Proof By definition, deck transformations act transitively on the fiber of the map 
mu: M -— X over every point x9 ¢ O. Let o € O be a point in the ramification set. 
Let U* be a small punctured coordinate disk around the point o not containing 
points of the set O. The preimage π΄ (Ὁ) of the domain U* splits into connected 
components V;* that are punctured neighborhoods of preimages δὶ of the point o. 
The deck transformation group gives rise to a transitive permutation of the domains 
V*. Indeed, each of these domains intersects the fiber m~'(c), where c is any point 
in the domain U*, and the group N acts transitively on the fiber 7 ~!(c). The transi- 
tivity of the action of N on the set of components V;* implies the transitivity of the 
action of N on the fiber 2~! (0). 


Theorem 2.2.11 The set of orbits M/G of the analytic manifold M under the 
action of a finite group G of analytic transformations has a structure of an analytic 
manifold. 


Proof 


1. The stabilizer G,, of every point x9 € M under the action of the group G is 
cyclic. Indeed, consider the following homomorphism of the group Gy, to the 
group of linear transformations of a one-dimensional vector space. The homo- 
morphism assigns to the transformation its differential at the point x9. This map 
cannot have a nontrivial kernel: if the first few terms of the Taylor series of 
the transformation f have the form f(xo +h) = x9 +h+ ch* +.--, then the 
Taylor series of the /th iteration f'!! of f has the first few terms of the form 
f ] — xo th+l chk 4... Hence, none of the iterations of the transformation 
f is the identity map, which contradicts the finiteness of the group G,,. A finite 
group of linear transformations of the space C! is a cyclic group generated by 
multiplication by one of the primitive mth roots of unity &,, where m is the order 
of the group Gy. 
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2. The stabilizer G,, of the point xo can be linearized, i.e., one can introduce a 
local coordinate u near xo such that the transformations in the group Gx, writ- 
ten in this coordinate system are linear. Let f be a generator of the group Gy. 
Then the equality f!! = Id holds, where Id is the identity transformation. The 
differential of the function f at the point xo is equal to multiplication by &,, 
where ἕξι is one of the primitive roots of unity of order m. Consider any func- 
tion g whose differential is not equal to zero at the point x9. With the map f, 
one associates the linear operator f* on the space of functions. Let us write the 
Lagrange resolvent Rz,,(g) of the function ¢g for the action of the operator f*: 
Κε, (φ) = 1 x EK f*)k(g), The function uv = ἔξ, (φ) is the eigenvector of the 
transformation f* with eigenvalue &,,. The differentials at the point xo of the 
functions u and ¢ coincide (this can be verified by a simple calculation). The 
map f becomes linear in the u-coordinate, since f*u = Eu. 

3. We now introduce an analytic structure on the space of orbits. Consider any orbit. 
Suppose first that the stabilizers of the points in the orbit are trivial. Then a small 
neighborhood of the point in the orbit intersects each orbit at most once. A local 
coordinate near this point parameterizes neighboring orbits. If a point in the orbit 
has a nontrivial stabilizer, then we choose a local coordinate u near the point such 
that in this coordinate system, the stabilizer acts linearly, multiplying u by the 
powers of the root &,,. The neighboring orbits are parameterized by the function 
t =u". The theorem is proved. 


With every subgroup G of the group N, we associate the analytic manifold Mg, 
which is the space of orbits under the action of the group G. Identify the manifold 
My with the manifold X. Under this identification, the quotient map fe. : Μ -Ὁ 
My coincides with the original covering f:M— X. 

Let G, G2 be two subgroups in N such that Gj C G2. Define the map fG,,G, : 
McG, > Ma, by assigning to each orbit of the group ΟἹ the orbit of the group G2 
that contains it. It is easy to see that the following statements hold: 


1. The map fG,,G, 15 a ramified covering. 

2. If Gi © σὴς G3, then IG1,G2 = SG2,G3 fG).G)- 

3. Under the identification of My with X, the map ἔσιν : Mc — My corresponds 
to a ramified covering subordinate to the original covering ἔριν :M— My 
(since fe.n = fG,n ο fe,G)- 

4. If G is anormal subgroup of N, then the ramified covering ἔσιν : MG > My is 
normal, and its deck transformation group is equal to N/G. 


With an intermediate ramified covering [σιν : MG — My one can associate ei- 


ther the triple of spaces M 7:0 McG ΟΝ My with the maps ἤκια and fc,n, or the 


; fG,N : : pace 
pair of spaces Mg —> My with the map ἔασιν. This two possibilities correspond 
to two viewpoints with respect to an intermediate covering regarded either as a ram- 
ified subcovering or as a ramified covering over My. 
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2.2.4 Riemann Surface of an Algebraic Equation over the Field 
of Meromorphic Functions 


Our goal is a geometric description of algebraic extensions of the field K(X) of 
meromorphic functions on a connected one-dimensional complex manifold X. In 
this subsection, we construct the Riemann surface of an algebraic equation over the 
field K(X). 

Let T = γῖ +. ajy""! +.--- + am be a polynomial in the variable y over the 
field K(X) of meromorphic functions on X. We will assume that in the factor- 
ization of T, every irreducible factor occurs with multiplicity one. In this case, 
the discriminant D of the polynomial T is a nonzero element of the field K(X). 
Denote by O the discrete subset of X containing all poles of the coefficients a; 
and all zeros of the discriminant D. For every point x9 € X \ O, the polynomial 
Ty = y" + a, (xo)y"~! +--+ + ay(xo) has exactly n distinct roots. The Riemann 
surface of the equation T = 0 is an n-fold ramified covering 7 : M — X together 
with a meromorphic function y : M —> CP! such that for every point x9 € X \ O, 
the set of roots of the polynomial 7.0 coincides with the set of values of the function 
y on the preimage ~!(xo) of the point xo under the projection zr. Let us show that 
there exists a unique Riemann surface of the equation (up to an analytic homeomor- 
phism compatible with the projection to X and with the function y). 

For the Cartesian product (X \ O) x C!, one defines the projection π᾿ onto the 
first factor and the function y as the projection onto the second factor. Consider the 
hypersurface Mo in the Cartesian product given by the equation T(z (a), y(a)) = 0. 
The partial derivative of T with respect to y (with respect to the second argument) 
at every point of the hypersurface Mo is nonzero, since the polynomial T;,(q) has 
no multiple roots. By the implicit function theorem, the hypersurface Mo is non- 
singular, and its projection onto X \ O is a local homeomorphism. The projection 
az :Mo — X \ O and the function y: Mg > C! are defined on the manifold Mo. 
Applying the operation of filling holes to the covering 7 : Mo — X \ O, we obtain 
an n-fold ramified covering 7: M— xX. 


Theorem 2.2.12 The function y: Mo — C! can be extended to a meromorphic 
function y : M — CP!. The ramified covering x : M — X endowed with the mero- 
morphic function y: M —> CP! is the Riemann surface of the equation T = 0. 
There are no other Riemann surfaces of the equation T = 0. 


Proof We need the following lemma. 


Lemma 2.2.13 (From high-school mathematics) Every root yo of the equation 
γῆ tay"! +--+ ay =0 satisfies the inequality |yo| < max(1, Σ᾿ |aj|). 


Proof If |yo| > 1 and yo = --αἰ — --- -- ἀργὰ", then |yo| < max(1, Σ᾿ |a;|). 


Let us now prove the theorem. The functions z*a; are meromorphic on M. In 
the punctured neighborhood of every point, the function y satisfies the inequality 
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|y| < max(1, Σ᾿ | *a;|) and therefore has a pole or a removable singularity at every 
added point. 

By construction, the triple 7 : Mo — X \ O is an n-fold covering, and for every 
xo € X \ O, the set of roots of the polynomial 7.0 coincides with the image of 
the set 7~!(xg) under the map y: Mo — CP!. Therefore, the ramified covering 
a: M — X endowed with the meromorphic function y : M > CP! is the Riemann 
surface of the equation T = 0. 

Let a ramified covering πὶ : M; — X, endowed with the function y : M; > 
CP! be another Riemann surface of this equation. Let O; denote the set Ty ‘Oo. 
There exists a natural bijective map hj : Mo > M, \ Οἱ such that πι oh; = π 
and γ᾽ oh; = y. Indeed, by definition of the Riemann surface, the sets of numbers 
{yo π΄ !(x)} and { γιο we) coincide with the set of roots of the polynomial 
Tz(x). It is easy to see that the map h is continuous and that it can be extended 
by continuity to an analytic homeomorphism ἢ : M — M such that π| oh = π and 
y, oh = y. The theorem is proved. 


Remark 2.2.14 Sometimes the manifold M in the definition of the Riemann surface 
of an equation is itself called the Riemann surface of an equation. The same mani- 
fold is called the Riemann surface of the function y satisfying the equation. We will 
use this slightly ambiguous terminology whenever this does not lead to confusion. 

The set O of critical values of the ramified covering mz : M — X associated with 
the Riemann surface of the equation T = 0 can be strictly contained in the set O 
used in the construction (the inclusion ῦςο always holds). The set O is called 
the ramification set of the equation T = 0. Over a point a € X \ O, the equation 
Tq = 0 might have multiple roots. However, in the field of germs of meromorphic 
functions at the point a € X \ O, the equation T = 0 has only nonmultiple roots, and 
their number is equal to the degree of the equation T = 0. Each of the meromorphic 
germs at the point a satisfying the equation T = 0 corresponds to a point over a in 
the Riemann surface of the equation. 


Chapter 3 
Ramified Coverings and Galois Theory 


This chapter is based on Galois theory and the Riemann existence theorem (which 
we accept without proof) and is devoted to the relationship between finite ramified 
coverings over a manifold X and algebraic extensions of the field K (X). For a finite 
ramified covering M, we show that the field K(M) of meromorphic functions on 
M is an algebraic extension of the field K (X) of meromorphic functions on X, and 
that every algebraic extension of the field K can be obtained in this way. 

The following construction plays a key role. Fix a discrete subset O of a manifold 
X and a point a € X \ O. Consider the field P,(O) consisting of the meromorphic 
germs at the point a € X that can be meromorphically continued to multivalued 
functions on X \ O with finitely many branches and with algebraic singularities at 
the points of the set O. The operation of meromorphic continuation of a germ along 
a closed curve gives the action of the fundamental group 21(X \ ΟἹ) on the field 
P,(O). The results of Galois theory are applied to the action of this group of auto- 
morphisms of the field P,(O). We describe the correspondence between subfields 
of the field P,(O) that are algebraic extensions of the field K (X) and the subgroups 
of finite index of the fundamental group 71 (X \ O). We prove that this correspon- 
dence is bijective. Apart from Galois theory, the proof uses the Riemann existence 
theorem. 

Normal ramified coverings over a connected complex manifold X are connected 
with Galois extensions of the field K(X). The main theorem of Galois theory for 
such extensions has a transparent geometric interpretation. 

The local variant of the connection between ramified coverings and algebraic 
extensions allows one to describe algebraic extensions of the field of convergent 
Laurent series. Extensions of this field are analogous to algebraic extensions of the 
finite field Z/pZ (under this analogy, the homotopy class of closed real curves pass- 
ing around the point 0 corresponds to the Frobenius automorphism). 

At the end of the chapter, compact one-dimensional complex manifolds are con- 
sidered. On the one hand, arguments of Galois theory show that the field of mero- 
morphic functions on a compact manifold is a finitely generated extension of the 
field of complex numbers of transcendence degree one (the proof uses the Riemann 
existence theorem). On the other hand, ramified coverings allow one to describe 
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explicitly enough all algebraic extensions of the field of rational functions in one 
variable. Consider the extension obtained by adjoining all roots of a given algebraic 
equation. The Galois group of such an extension has a geometric meaning: it coin- 
cides with the monodromy group of the Riemann surface of the algebraic function 
defined by this equation. Hence, Galois theory yields a topological obstruction to 
the representability of algebraic functions in terms of radicals. 


3.1 Finite Ramified Coverings and Algebraic Extensions 
of Fields of Meromorphic Functions 


Let t: M — X be a finite ramified covering. Galois theory and the Riemann ex- 
istence theorem allow one to describe the connection between the field K(M) of 
meromorphic functions on M and the field K(X) of meromorphic functions on X. 
The field K(M) is an algebraic extension of the field K(X), and every algebraic 
extension of the field Καὶ (X) can be obtained in this way. This section is devoted to 
the connection between finite ramified coverings over the manifold X and algebraic 
extensions of the field K(X). 

In Sect. 3.1.1, we define the field P,(O) consisting of the meromorphic germs at 
the point a € X that can be meromorphically continued to multivalued functions on 
X \ O with finitely many branches and with algebraic singularities at the points of 
the set O. 

In Sect. 3.1.2, the action of the fundamental group 71 (X \ ΟἹ on the field P,(O) 
is considered and the results of Galois theory are applied to the action of this group 
of automorphisms. We describe the correspondence between subfields of the field 
P,(O) that are algebraic extensions of the field K(X) and the subgroups of finite 
index in the fundamental group 71(X \ O). We prove that this correspondence is 
bijective (apart from Galois theory, the proof uses the Riemann existence theorem). 
Consider the Riemann surface of an equation whose ramification set lies over the 
set O. We show that this Riemann surface is connected if and only if the equation is 
irreducible. The field of meromorphic functions on the Riemann surface of an irre- 
ducible equation coincides with the algebraic extension of the field K (X) obtained 
by adjoining a root of the equation. 

In Sect. 3.1.3, we show that the field of meromorphic functions on every con- 
nected ramified finite covering of X is an algebraic extension of the field K (X) and 
different extensions correspond to different coverings. 


3.1.1 The Field Pg(O) of Germs at the Point a € X of Algebraic 
Functions with Ramification over O 


Let X be a connected complex manifold, O a discrete subset of X, and a a marked 
point in X not belonging to the set O. 
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Let P,(O) denote the collection of germs of meromorphic functions at the point 
a with the following properties. A germ @, lies in P,(O) if 


1. the germ g, can be extended meromorphically along any path that originates at 
the point a and lies in X \ O; 

2. for the germ gz, there exists a subgroup Go C 71 (X \ O, a) of finite index in the 
group 71 (X \ O, a) such that under the continuation of the germ @, along a path 
in the subgroup Go, one obtains the initial germ @,; 

3. the multivalued analytic function on X \ O obtained by analytic continuation of 
the germ @ has algebraic singularities at the points of the set O. 


Let us discuss property 3 in more detail. Let y : [0,1] — X be any path that 
goes from the point a to a singular point o € O, y(0) =a, y(1) = 9, inside the 
domain X \ O, that is, y(t) € X \ O if t < 1. Property 3 means the following. 
For all values of the parameter ¢ sufficiently close to 1 (0 < ¢ < 1), consider the 
germs obtained by analytic continuation of g, along the path y up to the point y(t). 
These germs are analytic, and they define a k-valued analytic function φγ in a small 
punctured neighborhood V;* of the point ο. The restriction of the function g, to a 
small punctured coordinate disk Diu <, With center at the point o, where u is a local 
coordinate near the point o such that u(o) = 0, must have an algebraic singularity in 
the sense of the definition from Sect. 2.2.1. The last condition does not depend on 
the choice of a coordinate function vu. It means that the function g, can be expanded 
into a Puiseux series in u (or equivalently, the function grows no faster than a power 
of u when approaching the point 0). 


Lemma 3.1.1 The set of germs Pq(O) is a field. The fundamental group G of 
the domain X \ O acts on the field P,(O) by analytic continuation. The invariant 
subfield of this action is the field of meromorphic functions on the manifold X . 


Proof Suppose that the germs φὶ α and ¢2,q lie in the field P,(O) and do not change 
under continuations along the subgroups G; and G» of finite index in the group 
G=7(X \ O,a). Then the germs 1,4 + 2,4, P1,a2,a, and @1,a/$2,a (the germ 
Y1,a/2,a is well defined, provided that the germ @,, is not identically equal to 
zero) can be extended meromorphically along any path that originates at the point a 
and lies in the domain X \ O. These germs do not change under continuation along 
the subgroup ΟἹ M G2 of finite index in the group G = 7 (X \ O, a). 

Multivalued functions defined by these germs have algebraic singularities at the 
points of the set O, since the germs of functions representable by Puiseux series 
form a field. (Of course, one cannot apply arithmetic operations to multivalued func- 
tions. However, for a fixed path passing through the point 0, one can apply arithmetic 
operations to the fixed branches of the functions representable by Puiseux series. As 
a result, one obtains a branch of the function representable by a Puiseux series.) 

Thus we have shown that P,(Q) is a field. Meromorphic continuation preserves 
arithmetic operations. Therefore, the fundamental group G acts on P,(O) by au- 
tomorphisms. The invariant subfield consists of the germs in the field P,(Q) that 
are the germs of meromorphic functions in the domain X \ O. At the points of the 
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set O, these single-valued functions have algebraic singularities and therefore are 
meromorphic functions on the manifold X. The lemma is proved. 


3.1.2 Galois Theory for the Action of the Fundamental Group 
on the Field P,(O) 


In this subsection, we will apply Galois theory to the action of the fundamental 
group G = 7 (X \ O,a) on the field P,(O). 


Theorem 3.1.2 The following properties hold: 


1. Every element φα of the field Pg(O) is algebraic over the field K(X). 

2. The set of germs at the point a satisfying the same irreducible equation as the 
germ Qq coincides with the orbit of the germ ῥα under the action of the group G. 

3. The germ gq lies in the field obtained by adjoining an element fq of the field 
P,(O) to the field K(X) if and only if the stabilizer of the germ @q under the 
action of the group G contains the stabilizer of the germ fa. 


Proof The proof of parts 1 and 2 follow from Theorem 1.3.3, and the proof of part 3 
follows from Theorem 1.3.9. 


Part 1 of Theorem 3.1.2 can be reformulated as follows. 


Proposition 3.1.3. A meromorphic germ at the point a lies in the field Pa(O) if and 
only if it satisfies an irreducible equation T = 0 whose set of ramification points is 
contained in the set O. 


Part 2 of Theorem 3.1.2 is equivalent to the following statement. 


Proposition 3.1.4 Consider an equation T = 0 whose set of ramification points is 
contained in the set O. The equation T is irreducible if and only if the Riemann 
surface of this equation is connected. 


Proof Let f :M— X be a Riemann surface of an equation whose set of ramifica- 
tion points is contained in the set O. By part 2 of Theorem 3.1.2, the equation is 
irreducible if and only if the manifold ΜᾺ f~!(O) is connected. Indeed, the con- 
nectedness of the covering space is equivalent to the fact that the fiber F = f~!(a) 
lies in a single connected component of the covering space. This, in turn, implies the 
transitivity of the action of the monodromy group on the fiber F. It remains to note 
that the manifold M is connected if and only if the manifold ΜᾺ f~!(O) obtained 
by removing a discrete subset from M is also connected. 
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Proposition 3.1.5 A subfield of the field Py(O) is a normal extension of the field 
K(X) if and only if it is obtained by adjoining all germs at the point a of a multival- 
ued function on X satisfying an irreducible algebraic equation T = 0 over X whose 
ramification lies over O. The Galois group of this normal extension is isomorphic 
to the monodromy group of the Riemann surface of the equation T = 0. 


Proof A normal extension is always obtained by adjoining all roots of an irreducible 
equation. In the setting of the proposition, the ramification set of this equation must 
be contained in O. Both the Galois group of the normal covering and the mon- 
odromy group of the equation T = 0 are isomorphic to the image of the fundamen- 
tal group 7; (X \ O, a) under its action on the orbit in the field P,(O) consisting of 
those germs at the point a that satisfy the equation T = 0. 


Consider the Riemann surface of the equation T = 0 whose root is a germ 
Qa € Pq(O). The points of this Riemann surface lying over the point a correspond to 
the roots of the equation T = 0 in the field P,(O). The germ @, is one of these roots. 
In this way, we assigned to each germ @, of the field P,(O) firstly, the ramified cov- 
ering 1, : My, — X whose set of critical values is contained in O, and secondly, 
the marked point @, € My, lying over the point a (the symbol gq denotes the point 
of the Riemann surface corresponding to the germ ¢,). Part 3 of Theorem 3.1.2 can 
be reformulated as follows. 


Proposition 3.1.6 A germ @zq lies in the field obtained by adjoining an element 
ta of the field P,(O) to the field K(X) if and only if the ramified covering 
Ty, : (My,, Ga) > (X, a) is subordinate to the ramified covering πο, :(Myz,, fa) > 
(X, a). 


Indeed, according to the classification of ramified coverings with marked points, 
the covering corresponding to the germ @, is subordinate to the covering corre- 
sponding to the germ f, if and only if the stabilizer of the germ ¢g, under the action 
of the fundamental group 71 (X \ O) contains the stabilizer of the germ fg. 


Corollary 3.1.7 The fields obtained by adjoining elements ~q and fq of the field 
P,(O) to the field K(X) coincide if and only if the ramified coverings with marked 
points To, : (Mg,, Pa) > (X,a) and πη, :(My,, fa) > (X, a) are equivalent. 


Is this true that for every subgroup G of finite index in the fundamental group 
m1(X \ O, a), there exists a germ f, € Pa(O) whose stabilizer is equal to G? 

The answer to this question is positive. Galois theory alone does not suffice to 
prove this fact: in order to apply algebraic arguments, we need to have plenty of 
meromorphic functions on the manifold.! It will be sufficient for us to use the fact 


‘Galois theory allows one to obtain the following result. Suppose that the answer for a subgroup G 
is positive, and let fa € P,(O) be a germ whose stabilizer is equal to G. Let H denote the largest 
normal subgroup lying in G. Then for every subgroup containing the group H, the answer is also 
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formulated below, which we will call the Riemann existence theorem and apply 
without proof. (The proof uses functional analysis and is not algebraic. Note that 
there exist two-dimensional compact complex analytic manifolds such that the only 
meromorphic functions on these manifolds are constants.) 


Theorem 3.1.8 (Riemann existence theorem) For every finite subset of a one- 
dimensional analytic manifold, there exists a meromorphic function on this mani- 
fold, analytic in a neighborhood of the subset and taking different values at different 
points of the subset. 


Theorem 3.1.9 For every subgroup G of finite index in the fundamental group 
m\(X \ O,a), there exists a germ fa € Pa(O) whose stabilizer is equal to G. 


Proof Let x : (M,b) > (X, a) be a finite ramified covering over X whose critical 
points lie over O. Assume that the covering corresponds to a subgroup G C 7 (X C 
O). Let F = 2~!(a) denote the fiber of the covering over the point a. By the Rie- 
mann existence theorem (Theorem 3.1.8), there exists a meromorphic function on 
the manifold M that takes different values at different points of the set F. Let i. 
be a germ of the inverse map to the projection z that takes the point a to a point b. 
The germ of the function f o 7, : lies in the field P,(O) by construction, and its 
stabilizer under the action of the fundamental group 7; (X C O) is equal to G. 


Hence, we have shown that the classification of the algebraic extensions of the 
meromorphic function field Καὶ (X) that are contained in the field P,(O) is equiva- 
lent to the classification the of ramified finite coverings mz : (M,b) > (X, a) whose 
critical values lie in the set O. Both types of objects are classified by subgroups 
of finite index in the fundamental group 7;(X \ O,a). In particular, we have the 
following theorem. 


Theorem 3.1.10 There is a bijective correspondence between subgroups of finite 
index in the fundamental group and algebraic extensions of the field K(X) that are 
contained in the field P,(O). Ifa subgroup ΟἹ lies in the subgroup G2, then the field 
corresponding to the subgroup G2 lies in the field corresponding to the subgroup 
G,.A subfield of Pq(O) is a Galois extension of the field K(X) if it corresponds to 
anormal subgroup H of the fundamental group. The Galois group of this extension 
is isomorphic to the quotient group 1\(X \ O,a)/H. 


positive. For the proof, it suffices to apply the fundamental theorem of Galois theory to the minimal 
Galois extension of the field K (X) containing the germ ἢ]. 
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3.1.3 Field of Functions on a Ramified Covering 


Here we show that irreducible algebraic equations over the field K(X) give rise 
to isomorphic extensions of this field if and only if the Riemann surfaces of these 
equations provide equivalent ramified coverings over the manifold X. 

Proposition 3.1.4 implies the following corollary. 


Corollary 3.1.11 An algebraic extension of a field Καὶ (X) is irreducible if and only 
if its Riemann surface is connected. 


Let 2 : (M,b) > (X,a) be a finite ramified covering with marked points such 
that the manifold M is connected and the point a does not belong to the set of critical 
values of the map zr. We can apply the results about the field P,,(O) and its subfields 
to describe the field of meromorphic functions on M. The following construction is 
useful. 

Let 7, Ἵ denote a germ of the inverse map to the projection z that takes the point 
a to a point b. Let K,(M) be the field of germs at the point b of meromorphic 
functions on the manifold Μ΄. This field is isomorphic to the field K (M). The map 
(Tp, 1" embeds the field Κρ(Μ) in the field P,(O). Taking different preimages b of 
the point a, we obtain different embeddings of the field K,(M) in the field P,(O). 

Suppose that an equation T = 0 is irreducible over the field K(X). Then its 
Riemann surface is connected, and the meromorphic functions on this surface form 
the field K(M). The field Καὶ (Μὴ contains the subfield 2*(K(X)) isomorphic to 
the field of meromorphic functions on the manifold M. Let y: M > CP! bea 
meromorphic function that appears in the definition of the Riemann surface. We 
have the following proposition. 


Proposition 3.1.12 The field K (M) of meromorphic functions on the surface M is 
generated by the function y over the subfield *(K (X)). The function y satisfies the 
irreducible algebraic equation T = 0 over the subfield 1*(K (X)). 


Proof Let b € M be a point of the manifold M that is projected to the point a, 
m(b) =a, and let πρὶ ᾿ be a germ of the inverse map to the projection z that takes 
the point a to a point b. Let K,(M) denote the field of germs at the point b of 
meromorphic functions on the manifold M. This field is isomorphic to the field 
K(M). The map ἀρ" embeds the field K,(M) into the field P,(O). 


For every meromorphic function g: M > CP!, the germ gpo πι͵ : lies in the 
field P,(O). The stabilizer of this germ under the action of the group 71(X \ O,a) 
contains the stabilizer of the point b under the action of the monodromy group. For 
the germ yp o 7) 2 the stabilizer is equal to the stabilizer of the point b under the 
action of the monodromy group, since the function y by definition takes distinct 
values at the points of the fiber 7~!(a). The proposition now follows from part 2 of 
Theorem 3.1.2. 
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Theorem 3.1.13 Irreducible equations ΤΊ = 0 and Ty = 0 over the field K(X) give 
isomorphic extensions of this field if and only if the ramified coverings πὶ: M, > X 
and πὰ: M2 — X that occur in the definition of the Riemann surfaces of these 
equations are equivalent. 


Proof Consider the points of the Riemann surfaces of the equations T; = Ὁ and 
T> = 0 that lie over a point x of the manifold X. For almost every x, these points 
are uniquely defined by the values of the roots y; and y2 of the equations T; = 0 
and 75) = 0 over the point x. If the equations ΤΊ = 0 and 7. = 0 define the same ex- 
tensions of the field K (X), then we have γι = Q;(y2) and yz = Q2()1), where ΟἹ 
and Q» are polynomials with coefficients from the field K (X). These polynomials 
define almost everywhere an invertible map of one Riemann surface to the other that 
is compatible with projections of these surfaces to X. By continuity, it extends to an 
isomorphism of coverings. 

If the Riemann surfaces of the equations give rise to equivalent coverings and 
a map h: M; — Mp establishes the equivalence, then ἢ is compatible with the 
projections, and hence is analytic. The map h* : K (M2) > K (Mj) establishes the 
isomorphism of the fields K (Mj) and K (M2) and takes the subfield m5 (K (X)) to 
the subfield πὲ (Κ (X)), since πὶ = 72 oh. 


3.2 Geometry of Galois Theory for Extensions of a Field 
of Meromorphic Functions 


In this subsection, we put together the previous results. In Sect. 3.2.1 we discuss 
the relation between normal ramified coverings over a connected complex manifold 
X and Galois extensions of the field K(X). In Sect. 3.2.2, this relation is used to 
describe extensions of the field of converging Laurent series. 

In Sect. 3.2.3, we talk about complex one-dimensional manifolds. Galois theory 
helps to describe the field of meromorphic functions on a compact manifold, and 
geometry of ramified coverings allows us to describe explicitly enough all algebraic 
extensions of the field of rational functions in one variable. 

The Galois group of an extension of the field of rational functions coincides 
with the monodromy group of the Riemann surface of an algebraic function defin- 
ing this extension. Therefore, Galois theory gives a topological obstruction to the 
representability of algebraic functions in radicals. 


3.2.1 Galois Extensions of the Field K(X) 


By Theorem 3.1.13, algebraic extensions of the field of rational functions on a con- 
nected complex manifold X have a transparent geometric classification that coin- 
cides with the classification of connected finite ramified coverings over the man- 
ifold X. By this classification, Galois extensions of the field K(X) correspond to 
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normal ramified coverings over the manifold X. Let us describe all intermediate 
extensions for such Galois extensions. 

Let X be a connected complex analytic manifold, 7 : M — Χ anormal ramified 
finite covering over X; also, let O be a finite subset of X containing all critical values 
of the map 7, anda € X any point not in O. We have a field K (X) of meromorphic 
functions on the manifold X and a Galois extension of this field, namely, the field 
K (M) of meromorphic functions on the manifold M. 


By Proposition 2.2.9, intermediate ramified coverings M “yy. 1 a X are in 
one-to-one correspondence with the subgroups of the deck transformation group N 


of the normal covering 7 : M — X. With every ramified covering M αν Υ 1 τῆς Χ 


one can associate the subfield xT(K (Y)) of the field K (ΜῚ of meromorphic func- 
tions on the manifold M. As follows from the fundamental theorem of Galois the- 
ory, every intermediate field between K(M) and 2* K(X) is of this form, i.e., it 


is the field x*(K(Y)) for an intermediate ramified covering M 3 ¥ τὰς X. By 
this classification, intermediate Galois extensions of the field K(X) correspond to 


intermediate normal coverings M ον Ws X, and the Galois groups of interme- 
diate Galois extensions are equal to the deck transformation groups of intermediate 
normal coverings. 

Here is a slightly different description of the same Galois extension. The finite 
deck transformation group N acts on a normal ramified covering M. With each 
subgroup G of the group N, one can associate the subfield Ky (M) of meromorphic 
functions on M invariant under the action of the group G. 


Proposition 3.2.1 The field K(M) is a Galois extension of the field Ky(M) = 
π΄ (Κ(ΧῚ). The Galois group of this Galois extension is equal to N. Under the 
Galois correspondence, a subgroup G C N corresponds to the field KG(M). 


3.2.2 Algebraic Extensions of the Field of Germs of Meromorphic 
Functions 


In this subsection, the relation between normal coverings and Galois extensions is 
used to describe extensions of the field of converging Laurent series. 
Let Lo be the field of germs of meromorphic functions at the point 0 € C!. This 


field can be identified with the field of convergent Laurent series Σὺ Bales 


m>mo Cm 
Theorem 3.2.2 For every k, there exists a unique extension of degree k of the 
field Lo. It is generated by the element z = x'/*. This extension is normal, and 
its Galois group is equal to Z/kZ. 


Proof Let γί -Ἐδκ--1 yr +---+ a9 = 0 be an irreducible equation over the field Lo. 
The irreducibility of the equation implies the existence of a small open disk D, with 
center at the point 0 satisfying the following conditions: 


74 3. Ramified Coverings and Galois Theory 


. All Laurent series αἱ» i =1,...,k, converge in the punctured disk D*. 

. The equation is irreducible over the field K(D,) of meromorphic functions in 
the disk D,. 

3. The discriminant of the equation does not vanish at any point of the punctured 

disk D¥. 


Ne 


Let x : M — D, be the Riemann surface of the irreducible equation over the 
disk D,. By the assumption, the point 0 is the only critical value of the map zr. The 
fundamental group of the punctured disk D* is isomorphic to the additive group 
of integers Z. The group kZ is the only subgroup of index k in the group Z. This 
subgroup is a normal subgroup, and the quotient group Z/kZ is the cyclic group of 
order k. Hence, there exists a unique extension of degree k. It corresponds to the 
germ of a k-fold covering f : (C!,0) --» (C!,0), where f = z*. The extension is 
normal, and its Galois group is equal to Z/kZ. Next, the function z: Dg > ἰθὺς 
where q = r!/*, takes distinct values on all preimages of the point a € D* under 
the map x = z*. Hence, the function z = x!/* generates the field K (Dj) over the 
field K (D,). The theorem is proved. 


By the theorem, the function z and its powers 1, z= xk Sri ghd — x (k-D/k 


form a basis in the extension L of degree k of the field Lo regarded as a vector space 
over the field Lo. Functions y € L can be regarded as multivalued functions of x. 
The expansion y = fo + fizt-+++ fe-12*!, 20,.... fe—1 € Lo, of the element 
y € L in the given basis is equivalent to the expansion of the multivalued function 
y(x) into the Puiseux series y(x) = fo(x) + fi(a)a!/! +... +4 far (ryan D/*, 

Note that the elements 1, z,...,z* ° are the eigenvectors of the following auto- 
morphism of the field ZL over the field Lo. The automorphism is defined by the an- 
alytic continuation along the loop around the point 0. It generates the Galois group. 
The eigenvalues of the given eigenvectors are equal to 1,é,...,€*~!, where & is a 
primitive kth root of unity. The existence of such a basis of eigenvectors is proved 
in Galois theory (see Proposition 1.1.1). 


Remark 3.2.3 The field Lo is in many respects similar to the finite field Z/pZ. 
Continuation along the loop around the point 0 is similar to the Frobenius automor- 
phism. Indeed, each of these fields has a unique extension of degree k for every 
positive integer k. All these extensions are normal, and their Galois groups are iso- 
morphic to the cyclic group of k elements. The generator of the Galois group of the 
first field corresponds to a loop around the point 0, and the generator of the Galois 
group of the second field is the Frobenius automorphism. Every finite field has sim- 
ilar properties. For the field F, consisting of q = p” elements, the role of a loop 
around the point 0 is played by the mth iterate of the Frobenius automorphism. 


3.2.3 Algebraic Extensions of the Field of Rational Functions 


Let us now consider the case of connected compact complex manifolds. Using Ga- 
lois theory, we show that the field of meromorphic functions on such a manifold 
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is a finite extension of transcendence degree one of the field of complex numbers. 
On the other hand, the geometry of the ramified coverings over the Riemann sphere 
provides a clear description of all finite algebraic extensions of the field of rational 
functions. 

The Riemann sphere CP! is the simplest of all compact complex manifolds. On 
the projective line CP!, we fix the point oo at infinity, C! M {oo} = CP!, and a 
holomorphic coordinate function x : CP! — CP! that has a pole of order one at the 
point oo. Every meromorphic function on CP! is a rational function of x. 

We say that a pair of meromorphic functions f, g on a manifold M separates 
almost all points of the manifold M if there exists a finite set A C M such that the 
vector function (f, g) is defined on the set M \ A and takes distinct values at all 
points of M \ A. 


Theorem 3.2.4 Let M be a connected compact one-dimensional complex mani- 
fold. 


1. Then every pair of meromorphic functions f, g on M are related by a polynomial 
relation (i.e., there exists a polynomial Q in two variables such that the identity 
O(f, g) =0 holds). 

2. Let functions f, g separate almost all points of the manifold Μ΄. Then every mero- 
morphic function φ on the manifold M is the composition of a rational function 
R in two variables with the functions f and g, that is, p = R(f, g). 


Proof 


1. If the function f is identically equal to a constant C, then one can take the re- 
lation f = C as a polynomial relation. Otherwise, the map f : M — CP! isa 
ramified covering with a certain subset O of ramification points. It remains to 
use part | of Theorem 3.1.2. 

2. If the function f is identically equal to a constant C, then the function g takes 
distinct values at the points of the set M \ A. Therefore, the ramified covering 
g:M— CP! isa bijective map of the manifold M to the Riemann sphere CP!. 
In this case, every meromorphic function g on M is the composition of a rational 
function R in one variable with the function g, that is, φ = R(g). 

If the function f is not constant, then it gives rise to the ramified covering 
f :M-— CP! over the Riemann sphere C P!. Let O be the union of the set f(A) 
and the set of critical values of the map f, let a € O be a point of the Riemann 
sphere not lying in O, and let F denote the fiber of the ramified covering f : 
M -> CP! over the point a. By our assumption, the function f must separate 
the points of the set F’. It remains to use part 3 of Theorem 3.1.2. 


Let 
y" + ayy" | +++ +a (1) 


be an irreducible equation over the field of rational functions. The Riemann surface 
am: M — CP! of this equation is also called the Riemann surface of the algebraic 
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function defined by this equation. The monodromy group of the ramified covering 
am: M — CP! is also called the monodromy group of this algebraic function. By 
Proposition 3.1.5, the Galois group of Eq. (1) coincides with the monodromy group. 

Hence the Galois group of the irreducible Eq. (1) over the field of rational func- 
tions has a topological meaning: it is equal to the monodromy group of the Riemann 
surface of the algebraic function defined by Eq. (1). This fact was known to Frobe- 
nius, but it was probably discovered even earlier. 

The results of Galois theory yield a topological obstruction to the solvability of 
Eq. (1) by radicals and k-radicals. Galois theory implies the following theorems. 


Theorem 3.2.5 An algebraic function y defined by Eq. (1) is representable by rad- 
icals over the field of rational functions if and only if its monodromy group is solv- 
able. 


Theorem 3.2.6 An algebraic function y defined by Eq. (1) is representable by k- 
radicals over the field of rational functions if and only if its monodromy group is 
k-solvable. 


V.I. Arnold proved (see [Alekseev 04]) by purely topological methods without 
using Galois theory that if an algebraic function is representable by radicals, then 
its monodromy group is solvable. Apart from the unsolvability of equations by rad- 
icals, Vladimir Igorevich proved the topological unsolvability of a whole series of 
classical mathematical problems. According to Arnold, a topological proof of un- 
solvability of a problem implies new and stronger corollaries. 

I constructed a topological variant of Galois theory in which the monodromy 
group plays the role of the Galois group (see [Khovanskii 04b, Khovanskii 04a]). 
This topological variant of Galois theory is applicable to a wide class of multi- 
valued functions of one complex variable. For instance, it is applicable to func- 
tions defined by differential Fuchsian equations and gives the strongest results 
about unsolvability of equations in finite terms. Connected ramified coverings over 
the Riemann sphere CP! whose critical values lie in a fixed finite set O admit 
a complete description. Connected k-fold ramified coverings with marked points 
am: (M,b) > (CP! \ O,a) are classified by subgroups of index k in the fundamen- 
tal group 71(CP! \ O). For every group G, we have the following lemma. 


Lemma 3.2.7 The classification of index-k subgroups of a group G is equivalent to 
the classification of transitive actions of the group G on a k-point set with a marked 
point. 


Proof Indeed, with a subgroup Go of index k in the group G one can associate 
the transitive action of the group G on the set of right cosets of the group G by the 
subgroup Go. This set consists of k points, and the right coset of the identity element 
is a marked point. In the other direction, to every transitive action of the group G, 
one can assign the stabilizer Go of the marked point. This subgroup has index k in 
the group G. 
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The fundamental group πι (ΓΟ Ρ᾽λ O,a) is a free group with a finite number of 
generators. It has finitely many distinct transitive actions on the set of k elements. 
All these actions can be described as follows. 

Let us number the points of the set O. Suppose that this set contains m + 1 
points. The fundamental group 7;(CP! \ O,a) is a free group generated by paths 
V1,--+;Y¥m, Where y; is a path going around the ith point of the set O. Take a 
set of k elements with one marked element. In the group S(k) of permutations 
of this set choose m arbitrary elements o1,..., 0m. We are interested in ordered 
collections o1,..., 0 satisfying a single relation: the group of permutations gen- 
erated by these elements must be transitive. There is a finite number of collections 
σΊ: «ον σι. One can check each of them, and choose all collections generating tran- 
sitive groups. With every such collection, one can associate a unique ramified cov- 
ering 7: (M,b) > (CP!, a) with a marked point. It corresponds to the stabilizer 
of the marked element under the homomorphism F : πὶ (CP! \ O,a) —> S(k) that 
maps the generator y; to the element o;. Hence, in a finite number of steps, one 
can list all transitive actions F : 1;(CP! \ O,a) — S(k) of the fundamental group 
(CP! \ O,a) on the set of k elements. 

Conjugations of the group S(k) act on the finite set of homomorphisms F : 
(CP! \ O,a) > S(k) with transitive images. The orbits of a finite group ac- 
tion on a finite set can in principle be enumerated. Hence, conjugacy classes of the 
subgroups of index k in the fundamental group can also be listed in a finite number 
of steps. 

Therefore, we obtain a complete geometric description of all possible Galois 
extensions of the field of rational functions in one variable. Note that in this de- 
scription, we used the Riemann existence theorem. The Riemann existence theorem 
does not help to describe algebraic extensions of other fields, such as the field of 
rational numbers. The problem of describing algebraic extensions of the field of ra- 
tional numbers is open. For instance, it is unknown in general whether there exists 
an extension of the field of rational numbers whose Galois group is a given finite 


group. 
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